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Abstract. Let fi and f> be two multivariate polynomials over an al-
gebraic number field Q(a1, ..., o). In this paper, we present MRES, a
modular algorithm for computing the resultant of fi; and f2. To enhance
the efficiency, our algorithm converts fi; and f2 to their corresponding
polynomials over Q(v) where ~ is a primitive element of Q(a1, ..., ax).
This conversion is done modulo a prime to prevent the coefficient growth.
Next, our algorithm employs evaluation and dense interpolation to re-
duce the problem to the computation of the resultant of two univariate
polynomials where we apply the monic Euclidean algorithm. Employing
the monic Euclidean algorithm, we present a new formula for computing
the resultant of univariate polynomials. Finally, our modular algorithm
applies the Chinese remaindering and the rational number reconstruction
to recover the rational coefficients of the resultant.

We have implemented our algorithm in Maple. We include the expected
time complexity of the algorithm, two benchmarks, and a partial failure
probability analysis.
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1 Introduction

Computing the resultant of two polynomials plays a significant role across various
areas of mathematics. Resultants appear as a subproblem in solving systems of
multivariate polynomials, elimination theory [5] and factorization of polynomials
over algebraic fields [10].

In this paper, we are interested in computing the resultant of two multivariate
polynomials over an algebraic number field Q(ay, ..., ;). In 1971, Collins [4]
introduced a modular algorithm to compute the resultant of multivariate polyno-
mials over Z. In 2002, based on previous work by Encarnacion [6], Monagan and
van Hoeij [11] designed a modular GCD algorithm for Q(ay, ..., ay)[z]. In 2023,
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Ansari and Monagan [1] designed a modular GCD algorithm that reduces the ged
problem over Q(a, ..., ay,) to ged calculation over Q() where v is a primitive
element of Q(ay,...,ay). Given f1, fo € Q(aa,...,an)[z1,. .., 2k, y], we build
upon [4,11] and [1] to compute r = res(f1, fo,y) € Q(a1,...,an)[x1, ..., Tk].

1.1 Computing over Q(a1,...,Qn)

Let Q(a, ..., ay,) be our number field. Let Lo = Q and L; = L;_1[z;]/{M;(z;))
where M;(z;) is the minimal polynomial of a; over L; 1 for 1 <i <n.Let L = L,
and d; = deg(M;, z;). The field L is isomorphic to Q[z1,...,2,]/(M1,..., M)
and it can be specified as a Q-vector space of dimension d = H?:l d;. Further-
more, By, = {[[;-,(2:)%| 0 < ¢; < d;} is a basis of L. To compute in Q(a, ..., ay),
we use the fact that Q(aq,...,a,) = L. Thus, we just need to map elements
from Q(a1,...,a,) to L and compute over L. In our algorithm, we suppose
that we are given the minimal polynomials My (z1),..., M, (z,) of the algebraic
numbers oy, ..., Q.

Let f = ZeieZ’;U ae, X% € L[xy,...,x,y]. Since By, is a basis for L, we have

Ge; = Z?Zl Ce,;bj for b; € By, and Cg,; € Q. We define the coordinate vector

of f w.r.t. By, as the vector of dimension d, denoted by [f]z, = [v1,...,v4]T,
where v; = Z@EZ’;O Ce i X%

Ezample 1. Let Q(v/5,v/11) = L where L = Qlz1, 22]/(2} — 5,23 — 11) with
#(v/5) = 2 and ¢(V11) = 2. Let By, = {1, 20,21,2122} be a basis for L. If
f =302 +2y+ 2 +4212 € Llz,y], then [f]p, = [2y,1,32,4]".

Our modular resultant algorithm, which we call MRES, incorporates a pre-

processing step to remove fractions. It replaces the minimal polynomials M (z7),

.+, M, (z,) and the input polynomials f1, fo with their semi-associates, defined
in Definition 1.

Definition 1. Let Ly = Z[z1,...,2,]. For any f € Llx], the denominator of
f, denoted by den(f), is the smallest positive integer such that den(f)f € Ly[x].
The associate of | is defined as f = den(h)h where h = monic(f). The semi-
associate of f, denoted by f, is defined as rf, where r is the smallest positive
rational number for which den(rf) = 1.

Ezxample 2. Consider L as described in Example 1 and let f = %z1x+22 € L[z].
We have den(f) = 5, monic(f) =z + %zlzg, f=Tx+ 212, and f = Tz12 4 52s.

When le(f1) and le(f2) are complicated algebraic numbers, computing asso-
ciates can be expensive. Instead, by employing semi-associates we can effectively
remove fractions from the inputs. After eliminating fractions from the inputs,
Algorithm MRES computes res(f1, f2) modulo a sequence of primes. Let p be
a prime such that p { [[7_, le(M;) - le(f1) - le(f2). Let mi(z;) = M; mod p for
1 <i < n. Define L, = Zy[z1,...,2]/{m1,...,my,). The finite ring L, has p?
elements which may include zero divisors. To reconstruct the rational coefficients
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of the potential resultant, MRES employs the Chinese remaindering (CRT) and
rational number reconstruction (RNR) [12,8], respectively. Example 3 demon-
strates how MRES manages zero-divisors in L, and it emphasizes the rationale
for employing a primitive element.

Example 3. Let f1 = 2% 4+ Lyzo — 21 and fo = 22 + 4yz; be two polynomials
over L = Q[z1, 29]/ (2} — 2, z% —7) and let My (z1) = 2% —2 and Ma(22) = 25 —T.
Assume that MRES chooses the prime p; = 7. Thus, m; = M; mod p; = 2 +5,
mg = My mod p; = 25 and

Ly, = Znlz1, 20) /(2 + 5,23 ).

Next, MRES picks an evaluation point y = 8 € Z; and attempts to compute the
res(fi(z, B), fo(z, B), x) € L,, using the monic Euclidean algorithm (MEA) (see
Theorem 4). However, the MEA fails since the lc(fa(x, 8)) = 22 is not invertible
over Ly, . Since MRES cannot identify whether this failure is due to the choice of
the prime p; or the evaluation point 3, it aborts the computation of res(fi, f2)
modulo p; and tries another prime, say po = 3. In this case, we have

L,, = Zg[zl,zg]/<zf + 1,z§ +2).

MRES picks y = 8 € Z3 randomly and computes res(f1(z, 8), f2(z, 8)) € Ly,
using the MEA. This time lc(fo(z,8)) = 22 is a unit in L,, and the MEA
succeeds and outputs res(fi(x,f), fo(x,8)) € Lp,. MRES iterates this proce-
dure for additional 8 values and primes and eventually recovers res(f1, fa, ) =
1282193 — 45—9y + 72129 through polynomial interpolation for y, followed by CRT
and RNR [12,8] to recover the coefficients 128, =% and 7.

The majority of computational tasks within MRES take place within the
finite ring L,. To speed up MRES, we employ a primitive element to speed
up arithmetic operations within L,. That is, instead of computing over a ring
with multiple extensions, L,, we do the computation over a quotient ring with
a single extension. Furthermore, our Maple implementation of MRES utilizes

31-bit primes avoiding zero-divisors in L, with high probability.

1.2 Organization of the Paper

Following a review of preliminaries in Section 2, we present an algorithm to com-
pute the resultant of two univariate polynomials over L. In Section 3, we present
our modular algorithm, MRES, and its subalgorithms. Some implementation de-
tails and two timing benchmarks are described in Section 4. We compute the
expected time complexity of the MRES algorithm in Section 5. Finally, in Section
6, we study the failure probability of our MRES algorithm.

2 Preliminaries
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2.1 Mapping Q(a1,...,a,) to a single extension Q(v)

We use Ansari and Monagan’s method in [1] to identify a primitive element for
Q(aq,...,ap) called v and compute its minimal polynomial. To do so, Ansari
and Monagan used Algorithm 1 over F = Z,, where p is a 31-bit prime. Then, they
construct the quotient ring L, = Z,[2]/(M(z)) where M (z) is the characteristic
polynomial of v modulo p.

Algorithm 1: LAminpoly

Require: A list of the minimal polynomials [mi(z1), ..., mn(2n)], the ground field
F = Z, over which the computation is performed, and
y=z14+Ciz2+ ...+ Cp_12, where 0 £ C; € Zfor 1 <i<n-—1

Ensure: Either a message FAIL or a polynomial M (z) € F[z] such that M(y) =0,
the matrix A and A™!

1: Br, ={I[-;(z)% 0 < e; <d; } s.t. di = deg(mi(z:)) // A basis for L,
2: d = H?:l dl

3: Initialize A to be a d X d zero matrix over F.

4: go =1

5: for i =1 to d do

6: Set column 7 of A to be [gifl]BLp

T gi=7"gi-1

8: end for

9: if det(A) = 0 then return(FAIL) end if

10: Compute A™' and set ¢ = A™' - (—lga]BL,)

11: Construct the polynomial M(z) = 2% + quz? '+ ... + 2z + @
12: return( M(z), A, A™')

Ezample 4. Let Q(v/2,V/3 ) and M1 (21) = 22 — 2 be the minimal polyno-
mial of oy = v/2 over Q and MQ(ZQ) = 22 — 321 + 1 be the minimal polynomial

of ag = v/3v/2 + 1 over Q[zﬂ/(z% —2). Thus
Qv2, V3 = L =Qle1, 20] /(2 — 2,23 — 321 +1).

Let us choose p = 7 so the ground field is F = Z;. After reducing minimal
polynomials modulo p, we have L; = Zz[z1,22]/(2? + 5,22 + 4z; + 1). The
dimension of L7 as a Q—vector space is 4 and B, = {1, 29, 21,2122} is a basis
for it. We aim to find a primitive element ~ such that Z7(vy) = L7, and compute
its characteristic polynomial M (z) so we can construct Ly = Z7[2]/(M(z)) such
that Ly = Ly. Let us try v = 221 + 25. We first construct the 4 x 4 matrix A
whose i’th column in [y']p, for 0 <4 < 3. We obtain

10736
01023
02310
004 3
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Since det(A) = 153 mod 7 # 0, we consider v = 2z1 + 22 as a primitive element
of Z7(v/2,v/3v2 4 1). Since 153 = 3% - 17, if we had chosen p = 3 or p = 17,
then det(A) = 0 mod p and A would not be invertible. We call 3 and 17 det-
bad primes and define them in Section 3.2. Computing ¢ = A~' - (—=[v%]B,),

we construct the characteristic polynomial M(z) = z* + 2 and finite ring L; =
Zr[2)){z* + 2).

If det(A) # 0, we can define the isomorphism ¢, : L, — L,. To do so, let
Br, and B be bases for L, and I_/m respectively. Let C : L, — Zg be a
bijection such that C(a) = [a]p, . Let D : L, — Zg be another bijection such
that D(b) = [b]Bip~ Define ¢, : L, — L, with ¢,(a) = D7YA™!- C(a)).

Furthermore, ¢! : L, — Ly, is given by ¢-'(b) = C~'(A - D(b)).

Lemma 1. (See Lemma 1 in [1]) If det(A) # 0, then the mapping ¢., defined
above is a ring isomorphism.

Isomorphism ¢, induces the natural isomorphism ¢~ : Lplz1,..., 25, y] —

Lplzi,... 2k, y]. Example 5 illustrates how ¢, works.

Example 5. We continue Example 4, where Ly = Zy[21, 22] /(23 — 2,25 — 321 + 1)
and Ly = Zz[2]/(z* + 2). Let Br_ = {1,2,22,2%} and By, = {1, 22, 21,2122} be
bases for Ly and Ly, respectively. Let f = 222,29 + 22y + 20 € L[z, y]. We wish
to compute ¢, (f) € Lz[z,y]. To do so, we first need to compute C(f) = [flB., =
[2zy,1,0,22]T which is the coordinate vector of f relative to By,. Then, we have

b=A"1-C(f) = A7 flp, = [32%+ 2xy + 1,62 + 3,627 + 6,422 + 6]7

» =
as the coordinate vector of ¢, (f) relative to By = {1, 2, 2%, 2*}. Consequently,

¢ (f) = (42% 4 6)2° + (627 + 6)2% + (62 + 3)z + 32% + 2xy + 1 € Ly[z1, 7).

2.2 Resultants
Let R be a commutative ring with identity 1 # 0.

Definition 2. Let fi = > i, ajy’ and fy = > im0 bjy’ be two non-zero poly-
nomials where m = deg(f1,y), n = deg(f2,y), and aj,b; € R[z1,...,x]. The
Sylvester matrixz of f1 and fo w.r.t. the variable y is the (m+n) x (m+n) matriz

_am ... ao 7]
am ... aO
SyIV(fl,fQ,y): [ R ]
by - by
L bn -+ bO_
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in which there are n rows of fi1 coefficients, m rows of fo coefficients, and all
entries not shown are zero. The resultant of f1 and fo w.r.t. the variable y is

defined as
T@S(fl, fg, y) = det(Sy1V(fl7 f27 y))

which is a polynomial in Rlxy,...,xg]|. If f1, fo are univariate polynomials in
R[z], we write res(f1, f2) for res(f1, f2, ).

Theorem 1. (See theorem 9.2 and 9.3 of [7]) Let f1, fa € R[z] with deg f1 =
m >0 anddeg fo =n >0. Letce€ R and ¢ : R — S be a ring homomorphism.
Then

(i) res(c, f2) =
(ii) res(f1, f1) = 0
(iii) res(f1, f2) = (—1)"™res(f2, f1).
(iv) res(cfi1, fa) = c"res(f1, f2).
(v) Ifdeg(cﬁ(fl)) m and deg(é(f2)) = k where 0 < k < n, then ¢(res(f1, f2)) =
(¢(am))" Fres(o(f1), ¢(f2))-
(vi) If deg(¢(f1)) = m and deg((f2)) = n then ¢(res(f1, f2)) = res(d(f1), ¢(f2))-

Theorem 2. Let f1, fo € R[z] and suppose g = ged(f1, f2) exists. Then deg(g, x) >
0 if and only if res(f1, f2) = 0.

Proof. Corollary ( Sylvester’s Criterion) chapter 7 [7].

2.3 Computing Resultants of Univariate Polynomials

Let f1, fo € R[z]. In this section, we describe how res(f1, f2) € R can be com-
puted using the Monic Euclidean Algorithm.

Definition 3. Let f € R[z]. If f = 0, we define monic(f) = 0. Otherwise, we
define monic(f) = lc(f)~1f, wherelc(f) is the leading coefficient of f. Iflc(f) is
not unit in R, then monic(f) = “failed”. We say f is monic if f = monic(f).

Our modular resultant algorithm attempts to compute the resultant of two uni-
variate polynomials over Ep, a finite ring. In Ep, elements are either zero, units, or
zero-divisors. Thus, monic(f) = “failed” means that the algorithm encountered
a zero-divisor. Let fi, fo € R[] such that 0 < deg(f2) < deg(f1). Algorithm 2,
the Monic Euclidean Algorithm takes fi and fo as its inputs and returns either
a message “FAIL” or the monic ged of f; and fs.

Definition 4. Given fi, fo € Rlx] with deg(f2) < deg(f1), assume that the
Monic Fuclidean Algorithm (MEA) does not fail for fi and fo and terminates af-
ter | iterations. We define the Monic Polynomial Remainder Sequence, m.p.r.s.,
generated by polynomials fi1 and fy as the sequence ry,ro, ..., 1,141 obtained
from the execution of the Monic Euclidean Algorithm such that ry = f1, ro = fo,
r3 = r1—Moagqs, and riyo = M;—M;1qi+1 with M; = monic(r;) and deg(ri+1) <
deg(r;) for2<i<l—1 and r;;1 =0.
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Algorithm 2: Monic Euclidean Algorithm

Require: fi, fo € R[z] such that 0 < deg(f2) < deg(f1) and R is a commutative ring

with identity 1 # 0.
Ensure: Either the monic ged(f1, f2) or FAIL.
1: T1,T2 = fl,fz
2: M1,i =T, 2
3: while r; # 0 do
4 M; = monic(r;)
5 if M; = failed then return(FAIL) // The algorithm encountered a
zero-divisor.
Set 7;+1 to be the remainder of M;_1 divided by M;
Set i =141
end while
l=1-1
: return(M;)

[y

Remark 1. The remainders appearing in m.p.r.s. are not monic polynomials. We
call them Monic Polynomial Remainder Sequence since they are obtained from
the MEA.

Theorem 3. Let f1, fa € R[x] such that 1c(f2) is a unit and f1 faq+ 7 where
r,q € Rlx] and deg(r) < deg(f2) or r = 0. Let ny = deg(f1), na = deg(f2), and
n,. = deg(r). Then

ves(fan fr) = le(f2)™"rres(f, )

Proof. [5], section 3.5, exercise 16 part b.

Theorem 4. (m.p.r.s.)

Suppose that f1, fo € Ly|x] and the Monic Euclidean Algorithm does not fail for
f1 and fo. Let r1,79,...,7, 7141 be the m.p.r.s. generated by f1 and fo where
riv1 = 0. Let n; = deg(r;) for 1 < i <. If deg(r;) > 0, then res(f1, f2) = 0.
Otherwise, we have

res(f1, f2) = (— ch i) )le(r) ™t

-2
where v =", " NiNit1.

Proof. If deg(r;) # 0, then the monic ged(f1, f2) # 1. Applying Theorem 2, we
have res(fi, f2) = 0. On the other hand, in the first step of Algorithm 2, we
have My = Msqs +r3 where My = f1, My = monic(f2) and deg(rs) < deg(Ma).
According to Theorem 3, since lc(Mz) = 1, we have res(Ms, M7) = res(Ma, r3).
We have,

res(Ma, M) = res(le(f2) ™" fa, f1)

= (le(f2)” )”1res(f2,f1)
= (=)™ (le(f2) ") ™ res(f1, f2)
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Thus, res(Ma,r3) = (—1)""2(Ic(f2) =)™ res(f1, f2). Continuing this process, in
the i-th step of the MEA, where M; = M;1G; 42+ rit2, we have res(M;, r;y1) =
(—1)”(H;:Q(lc(rj)_l)”i*)res(fl, f2) where v = Z;:z nj_1n;. Moreover, in the
last step of the MEA, since r; = ¢ € L, we have res(M;_q,r;) = rl"”l =
le(ry)™-1 which implies the result.

Applying Theorem 4, we can modify the MEA to compute the resultant of two
univariate polynomials f1, fo € R[z] in Algorithm 3. This algorithm is used in
the base case of Algorithm 4, line 1.

Algorithm 3: URES
Require: fi, fo € R[z] such that 0 < deg(f2) < deg(f1) where R is a commutative
ring with identity 1 # 0.
Ensure: Either res(f1, f2) or FAIL.

1:ri=fi,rea=fa,i=2

2: M1:7‘1,R=1,'U=0

3: ny = deg(f1) 2 = deg(f2)

4: while r; # 0 do

5: M; = monic(r;)

6: if M; = failed return (FAIL)// The algorithm encounters a
zero-divisor.

7. Set 7,41 to be the remainder of M;_1 divided by M;

8: Set niy1 = deg(ri+1)

9:  if n;41 < 0 and n; # 0 then return(0) // If ged(fi, f2) is not a
constant, then res(fi, f2) =0

10:  Set R=R-lc(r;)™t

11: Set v =v +n;ni—1

12: Seti=1+1

13: end while

14: R=(-1)"R

15: return(R)

Example 6. Let fi, faLs[z] where Lz = Zs[z]/(z* — 2)[z]. On input of f; =
23 4+ (22)r + 1 and fo = 222 + x2 Algorithm 3 returns R = z + 1 the resultant
of f1 and f5. Table 1 shows the intermediate values.

Table 1. Example 6

Dividend|Divisor Remainder R

My M, = monic(fo) = 2% + 222 |r3 = (22 +2)z + 1|[R =2
M, M3 = monic(rs) =z +2z+ 1jra =2z +1 R==z
Ms M, = monic(rs) =1 rs =0 R=z+1
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3 The Modular Resultant Algorithm

Let f1, fo € L[x1,...,zk,y]. In this section, we present a modular algorithm to
compute r = res(fi, f2,y). We can present fi = >.."ja;y’ € Llz1,...,24][y]
and fo = Y0 by’ € Lly, ... ay][y), where deg(f1,y) = m, deg(fz,y) = n,
and a;,b; € L[xy,...,2x]. In general, modular algorithms use two fundamental
homomorphisms, the modular and evaluation homomorphisms. The modular
homomorphism, ¢, : Z — Z,, maps integers into their remainders modulo p.
We choose p to be a prime so Z, is a finite field. This homomorphism is used
to prevent the growth of integer coefficients of algebraic numbers in MEA. Let
R = Ly[zy] and R’ = L,. We define the evaluation homomorphism ¢, —g :
Rlx1,...,xk—1,y] — R'[z1,...,2k—-1,y] such that ¢,, —5(f) = f(B).

Our modular resultant algorithm, MRES, first computes the resultant mod-
ulo a sequence of primes. For each prime, MRES calls PRES which uses the
evaluation homomorphism and interpolation to calculate the resultant of f; and
f2 over L,. Subsequently, MRES employs CRT and RNR to reconstruct the
rational coefficients of the resultant. However, the successful reconstruction of
the resultant is not guaranteed for all primes and evaluation points. In Sec-
tion 3.1 and Section 3.2 we identify problematic evaluation points and primes,
respectively.

3.1 Algorithm PRES

Let p be a large prime. To compute res(f1, fa,y) for fi, fo € Lp[z1,...,zk][y],
Algorithm PRES, Algorithm 4, uses evaluation and dense interpolation as in
[2]. PRES is recursive. If f1, f € L,[y], PRES computes res(fi1, f2) € L, using
Theorem 4. Otherwise, PRES chooses 8 € Z, randomly and in Step 9 reduces
f1 and f2 to polynomials in Ly[z1,...,zx_1][y] by evaluating them at x), = 3.
To apply Theorem 1 (vi) we need that the leading coefficients of f; and f do
not vanish at x; = 8. Subsequently, Algorithm PRES recursively computes

Rg = YeS(fl(iUb--~,xk—1,57y)7f2($17~-~,!Ek71757y)) € I_/p[xlvx%-“yxkfl}-

Next, Algorithm PRES interpolates xj in res(f1, fo,y). Let m = deg(f1,v),
n = deg(fa,y), di = deg(f1,2zx) and dy = deg(f2, x). From Sylvester’s matrix
we have deg(res(f1, f2,zr) < ndy + mds thus we need at most ndy + mds + 1
evaluation points.

We emphasize that not all choices for 5 lead to a successful computation of
the resultant mod p. Definition 5 classifies the problematic evaluation points.

Definition 5. Let f1, fo € Lplx1,...,2x,y]. Assume that res(fi, f2,y) eists.
Let p € Z’; and let x, = Pr,xx—1 = Pr—1,--.,T1 = P1 be an evaluation point.
We identify three types of evaluation points as follows:

— Lc-bad Ewvaluation Points: Let f1, fo € Lylx1,...,2i][y]. We call B an
le-bad evaluation point if le(f1)(8) = 0 or le(f2)(B8) = 0.
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Algorithm 4: PRES

Require: fi, fo € Lyp[z1,...,zk][y]
Ensure: res(f1, f2,y) € Lp[z1,...,zx] or FAIL

1: if k = 0 return( URES(f1, f2) ) // fi,f2 € Lp[y]
2: (m,n) = deg(f1,vy),deg(f2,y)

3: B =ndeg(f1,zx) + mdeg(f2, )

4: for j =0to B do

5:  Pick a new evaluation point 8 at random from Z, such that / is not le-bad
6:  Fip = fi(zx = B) and Fap = fa(zr = B)

7. Rg = PRES(Fig, Fas,v)

8: if Rg = FAIL then return(FAIL) end if

9: if 7=0 then

10: (R,prod) = (Rg, (x — B)) // First iteration

11:  else

12: // Interpolate x in the resultant, R, incrementally
13: Vs = prod(z, = f)~' - (Rs — R(zx = B))

14: R=R+ Vs -prod
15: prod = prod - (zx — )
16:  end if
17: end for

18: return(R)

— Zero-Divisor FEvaluation Points: If § is not lc-bad we call f a zero-
divisor evaluation point if Algorithm 3 when called by Algorithm PRES in
step 3 tries to invert a zero-divisor in L.

— Good FEvaluation Points: If 8 is neither lc-bad nor a zero-divisor evalu-
ation point call B a good evaluation point.

Example 7. Let fi = (x +1)y®> + 22z and fo = (x + 2)y + 2z be two polynomials
in Ly[z][y] where Ly = Zz[2]/(2%). The evaluation point z = 6 is an lc-bad
evaluation point since lc(f1)(6) =0 mod 7. If we choose z = 0, then f1(0,y) =
y3 and f2(0,y) = yz. Since lc(f2)(0) = z is not invertible over L7, Algorithm 3
fails to compute the resultant of f1(0,y) and f2(0,y) which implies that z = 0
is a zero-divisor evaluation point.

3.2 Algorithm MRES

Algorithm MRES, presented as Algorithm 5, computes the resultant of two poly-
nomials fi, fo € Lzy,...,2%,y]. MRES first replaces f1, fo with their semi-
associates. After applying ¢, to map the coefficients in L to L,, MRES uses
¢~ to convert the polynomials over L,, to their corresponding polynomials over
L,. Subsequently, MRES calls PRES to compute res(fi, fa,y) € Lp[@1,..., k]
Let R, be the output of PRES. If R, = FAIL then when PRES called URES
in Step 2, a zero divisor was encountered. MRES chooses a new prime. In step
12, MRES converts R, € Ep[:cl, ..., x] to its corresponding polynomial over
L,. Employing, CRT and RNR, MRES algorithm tries to reconstruct rational



Resultant of two Multivariate Polynomials over Q(ax1, ..., an) 11

coefficients of R,. If RNR does not fail and the current result of RNR, denoted
by H, is equal to the previous result of RNR, then MRES returns H as the
res(f1, f2,y). Therefore MRES is a Monte Carlo algorithm. It can output an
incorrect answer with low probability.

Algorithm 5: MRES

Require: f,g € L[z1,...,zk,y] and P a large set of primes.
Ensure: res(f,g,y) € L[z1, ...,k

1: presult =0

22 M=1

3 f,g= f,g // Clear fractions
4: while true do

®

11:

12:
13:
14:
15:
16:
17:
18:
19:

Choose a new prime p from P at random that is not lc-bad.
Choose Ci,...,Cpr_1 from [1,p) at random and set v = z1 + >, Ci_12;
Call Algorithm 1 with inputs [¢,(M1),. .., ¢p(My)], Zp and ¢p(7) to compute
M(z), A, and A™' // check if p is a det-bad prime
if Algorithm 1 returns FAIL then Go back to step 5 end if
Ry = PRES(¢~(¢p(f1)), 9+(0p(f2)),y) € Lplz1,. .., k]
if R,= FAIL then Go back to step 5. end if // a zero divisor was
encountered in URES
R, = ¢§1(Rp) // Convert R, over L, to its corresponding polynomial
over L,
if M =1 then
R,M := R,,p; // First iteration
else
Using the CRT, compute R = R mod M and R’ = R, mod p
Set R=R and M =M -p
end if
H := Rational Number Reconstruction of R mod M
if H # FAIL then if H = presult return(H) else presult = H end if

20: end while

As mentioned before, not all the primes result in a successful reconstruction
of the resultant. Definition 6 distinguishes four types of primes.

Definition 6. Let f1, fa € L{z1,...,z][y] and p be a prime.

— Le-bad Primes: If p divides either lc(fy1), lc(fa), or any le(M;(z;)) for
1 <1< n, we call p an lc-bad prime.

— Det-bad Primes: Let A be the matriz obtained from Algorithm 1 over F =
Zy. If det(A) = 0, then p is called a det-bad prime.

— Zero-Divisor Primes: If p is neither an lc-bad nor a det-bad prime and
there exists r; among the m.p.r.s., Definition 4, such that lc(r;) is not in-
vertible over Ep, then p is called a zero-divisor prime. In other words, p is a
zero-divisor prime if Algorithm 8 fails for p.

— Good Primes: If p is neither lc-bad, det-bad, nor a zero-divisor prime, we
define it as a good prime.
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Ezample 8. Let f1 = 23200 + 21y and fo = (22 + 5)x + 21y be two polynomials
listed in the lexicographic order with z > y over L[z, y] where L = Q|[z1, 23] /(2% —
2,22 — 3). Then, p = 23 is an lc-bad prime since lc(f;) = 0 mod p. Moreover,
p = 11 is a zero-divisor prime because lc(fa) = 29 + 5 is not invertible over
Zaiz1, 22) /(23 — 2,25 — 3) as 25 — 3 mod 11 = (29 + 5)(22 + 6).

4 Implementation and Benchmarks

We have implemented algorithm MRES and its subalgorithms in Maple [9].
We use the recursive dense data structure from [11] to represent elements of
L =Q(ay,...,a,) and polynomials in L[z, ...,z For the set of primes P we
use 31 bit primes.

We present two timing benchmarks. All timings were obtained on Intel Core
i7-6700. In both Table 2 and Table 3, column N denotes the number of primes
needed by MRES, and column MRES 1 is the time for our algorithm, MRES,
using ¢, and computing over L,. Column MRES 2 is the time for MRES if
we do not use ¢, and compute over L,. Column LAMP is the time spent in
Algorithm 1. For both algorithms, column PRES is the time spent in Algorithm
4. The speedup achieved by employing ¢, can be observed by comparing columns
PRES for MRES 1 and MRES 2.

The first benchmark, Table 2, presents timings of the resultant computa-
tions in L[z,y] where the number field L = Q(v/2,+/3,v/5,V/7) has degree 16.
In Table 2, the input polynomials f; and fo have degree m in z and y and
res(f1, f2,x) has degree r, in y. The coefficients of the input polynomials, fi
and fs, are polynomials in z1, 2o, 23, and z4 with coefficients chosen randomly
from [1,9).

Table 2. Timings in CPU seconds for computing res(f1, f2,z), the resultant
of fi and f> of degree m in L[z, y].

m | ry | N MRES 1 MRES 2
time LAMP PRES time PRES
2 4 4 0.313 0.126 0.140 0.828 0.828
4 16 4 0.828 0.187 0.501 8.609 8.563
6 36 7 3.938 0.189 3.218 59.938 59.610

8 64 11 14.171 0.218 11.891 291.281 289.875
10 100 16 47.500 0.468 48.842 967.437 962.609
12 144 22 119.766 0.596 103.016 > 1000 > 1000
14 196 29 282.844 0.798 244.189 > 1000 > 1000

The second benchmark, Table 3, shows timings for computing the resultant of
two polynomials f1 and f, in L[z, y], where L = Q(ay, g, a3). Let My = 22 — 2,
My = z% —3,and M3 = 2?3:0 zg—l—zl z2 be the minimal polynomials of a;, g, and
a3, respectively. Thus, L is an algebraic number field of degree d = 2 x 2 x d3. To
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consider various degrees for L, we change d3. In Table 3, the input polynomials
f1 and fo have degree 16 in x and y and L has degree d. The Maple codes and
benchmarks are available at http://www.cecm.sfu.ca/ mmonagan/code/MRES.

Table 3. Timings in CPU seconds for computing res(fi, f2,z) over an alge-
braic number field Q(v/2,/3,a3) of degree d.

d N MRES 1 MRES 2

time LAMP PRES time PRES
16 5 43.688 0.095 42.562 288.265 287.811
24 5 55.203 0.156 53.688 379.735 379.077
32 5 57.234 0.249 55.517 513.797 513.078
40 5 67.719 0.375 65.641 628.547 627.361
48 5 80.687 0.624 78.094 745.578 744.703
56 5 100.953 0.922 97.031 894.734 893.921
64 5 114.062 1.375 110.171 > 1000 > 1000

5 Complexity

Let fi, fo € Lplz1,22,...,2x,y] and r = res(f1, fo,y) € Lplz1,2,...,zx). Let
d be the degree of the number field L. Let #f denote the number of terms
of f in the variables x1,%2,...,%k,y. Let Ty = #f1 + #f2 and T, = #r. So
Ty is the number of terms in the input and 75 is the number of terms in the
output r. Let m = deg(f1,y), n = deg(fo,y), do = max; ; deg(f;,z;) and D =
(m + n)dz. We have Ty < (m + n + 2)(dz + 1)* and T, < (D + 1)*. Since
our implementation currently uses classical quadratic polynomial arithmetic, we
assume that multiplication and inverses in L, cost O(d?).

Definition 7. Given f € Lz[z1,...,zk,y], we can represent f =Y CoX® as
a polynomial over Zz, ..., zn, 21, ..., x| where X* =[], 2 H?:1 2% such
that o, B; € Z. If we use this representation, we denote the height of f by || fl|s
and define it as

H(f) = [Iflloe = max(] Ca |)-
Theorem 5. Algorithm PRES does
O(TydD* + mnd*DF + kdD*™') = O(dD*(Ty + mnd + kD)
arithmetic operations in Zy.
Proof. The following costs count the arithmetic operations in Z,. The dominat-

ing steps of PRES are the evaluations at x; = 8 in Step 6, the cost of the MEA
in Step 1, and the interpolation cost in Steps 13-15. To interpolate z1,...,Tx
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in 7 we need to bound deg(r, ;). From Sylvesters matrix for fi(y) and fo(y) we
have

deg(r, z;) < mdeg(fa, x;) + ndeg(f1,2;) < (n+m)dx = D.

Thus, to interpolate z1, ...,z in r we need (D + 1)* values using dense inter-
polation.

We have to evaluate the input polynomials f; and fy at o = 3 for § € Z,
in line 9 of PRES for D + 1 choices of 8. To speed this up, we precompute the
powers 3% for 0 < i < dx which has a negligible cost. The evaluation cost is
dominated by evaluating at z; = S which costs O(Tyd) multiplications. This
is done for D + 1 choices of 8 and for (D + 1)*~! calls to PRES. The total
evaluation cost is O(Tyd D).

Algorithm PRES makes (D + 1)* calls to URES in Step 1. URES calls the
MEA which does O(mn) arithmetic operations in L,, each of which costs O(d?)
thus URES costs O(mnd?DF) in total.

Algorithm PRES is called once to interpolate zp from D + 1 values of
r(z,21,...,2x_1,7% = B). It does at most d(D + 1)*~! univariate interpola-
tions in 3, each of which costs O(D?) for a total cost of O(dD**1). In general
Algorithm PRES is called (D +1)¥~% times to interpolate z; from D+ 1 values of
r(z,21,...,2i_1,7; = (). It does at most d(D + 1)*~! univariate interpolations
in z;, each of which costs O(D?), which in total costs O(dD**1). Thus the total
interpolation cost is O(kD**1d).

Adding the three costs gives the result.

Let N be the number of good primes needed to reconstruct the resultant r. Let
M =logmax}_; H(m;) and C = logmax(H (f1), H(f2)).

Theorem 6. Algorithm MRES costs

O(N(M + CTy)d + Nd® + Nd®Ty + Nd?T, + NdD* (T} + mnd + kD) + N2dT,) =
O(Nd(M + CTys + d? + d(Ty + T,) + D*(Ty + mnd + kD) + NT,.))

arithmetic operations.

Proof. Algorithm MRES reduces the minimal polynomials M, ..., M, and the
input polynomials f; and f» mod N primes which costs O(N(M + CTyy)d).

The time complexity of building the matrix A in Algorithm 1 for N primes is
O(Nd?). The running time complexity of applying ¢., to the T non-zero terms
of fi and fy for N primes is O(Nd?T}). Let R, be the output of Algorithm
PRES in Step 9 of MRES, then the time complexity of calling ¢ ! for R, in
Step 11 for N primes is O(Nd?T;.).

According to Theorem 5, calling PRES in Step 9 of MRES costs O(dD* (T +
mnd + kD).

Finally, Algorithm MRES reconstructs O(dT).) rational coefficients in Step 15
and 18 which costs O(NN?) each hence O(N2dT}) in total. The theorem follows
by adding the costs explained above.
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6 Failure Probability

In this section, we compute the probability of encountering problematic primes
and evaluation points. Let P3; = {all 31 bit primes}, that is, primes in (230, 231)
and let N, =| P3; |= 50,697, 537 denote the cardinality of Ps;.

6.1 Lc-bad Primes and Evaluation Points

Theorem 7. Let f1, f2 € Llz1,...,2x,y|. Let H = max(|[1c(f1)) oo [e(F2) oo )
2" and lc(M;) < 2™ for 1 < i < n. If p is chosen at random from P3; then
< 2sslanlss]

A

Prob[p is an lc-bad prime]

Proof. Let A denote the event that p | lc(f1), B denote the event that p | lc(f2),
and C denote the event that p | lc(M;) for some 1 < i < n. Then

Prob[p is an le-bad prime] = Prob[A V B V C] < Prob[A] + Prob[B] + Prob[C]

To compute Prob[A], we first notice that lc(f,) = Zi\il Gq; 2% € Lz where the
sum is over a finite number of n—tuples o; = (ovy,...,®,) € Z%, such that

Z% = 2" .. 2y Since lc(f1) # 0 there is at least one j with ao,; 7# 0. Thus,

Prob[A] = Prob[le(f;) =0 mod p]
=Prob[p | ao, AP | Gag Ao AD | Gay]
< Prob[p | aq,].

h
< bzl
=N,

Similarly, we have Prob[B] < LI%J . For C we have

p

Prob[C] = Prob[p | le(M;) V...V p | 1e(M,)]

< 3" Problp | le(31,)]
i=1
< nﬁ.
="N,
Adding the three probabilities implies the theorem.

To compute the probability of encountering an lc-bad evaluation point, we
represent f; € Ly[z1,. .., 2k, y] as a non-zero polynomial over Zy[z][x1, .. ., zx][y]
so le(f1) € Zyl2][z1,...,xx]. Thus B € ZF is an le-bad evaluation point if
lc(f1)(B) vanishes.

Theorem 8. Let 3 € Z* be chosen at random, then

d
Prob[8 is an lc-bad evaluation point] < gl 1).
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Proof. Let lc(f1) = Zf:_ol a;(xy,...,2)2" # 0. Thus, there exists 0 < j <d —1
such that a;(z1,...,z5) # 0. We have,

Probl[le(f1)(8) = 0] < Prob[a;(8) = 0]

_ deglay) _ deg(fy)
p p

6.2 Det-bad Primes
We recall Hadamard’s bound for the determinant of an integer matrix.

Theorem 9. Let A be an n x n matriz with A; j € Z. Then
| det(A) |< HZL:I Z;L:I Azz,j'

Let v = 21+ Cyzo + -+ Cp_12, where 0 £ C; € Z for 1 < i < n-—1.
Recall that p is a det-bad prime if det(A) mod p = 0 where A is the coefficient
matrix of powers of 7. We consider the case where 1h; € Z[z1,. .., 2;] are monic
for 1 < i < nso A€ Z™ To compute the probability that p is a det-bad
prime, we must first compute an upper bound for | det(A) |. If we get an upper
bound for the entries of A, we can use Hadamard’s bound, Theorem 9, to get an
upper bound for the | det(A) |. To do so, we first compute v¢ for 1 <i < d —1
over F = Z. In this case, the largest entry of matrix A will appear in its last
column, [y%~1] 5, . Thus we need an upper bound for the height of the remainder
of ¥4=1 divided by 17, ..., M. However, before dividing by the monic minimal
polynomials, we have |7 !||oc < [[7%/|oo- Accordingly, if we compute a bound
for the remainder of 4¢ divided by 7, . .., 71, we can use it as an upper bound
for A; ;. Notice that deg(y7, z;) = j for 1 < i < n. Recall that d; = deg(mn;, 2;),
and d = [, d; is the degree of our algebraic number field.

Lemma 2. Let f,g € Z[z1,...,2,) and m; = 2z + Z;i‘:_ol a;z] where a; €
Zlz, ..., zi—1]. we have,

(i) 11 f9lloo < I1flloollglloe min(Ty, Ty). ,
(ii) deg(aj,z1) < dp —1 for 1 <k <i—1andT,; < HZ_:11 di, < d.

In [3], Chen and Monagan introduced an upper bound for the remainder of
division by a univariate monic polynomial. Using the same strategy, we prove
Theorem 10.

Theorem 10. Let f € Z[z1, ..., 2,) and d = deg(f, z;) > 0 where d =[]}, d;.
Let r be the remainder of f divided by ™, and 6 =d — d,, + 1 be the maximum
number of division steps. Then,

(i) deg(r,z,) <d, —1 and deg(r,z;) <d+d(d; — 1), for1 <i<n-—1.
(it) [Illco <N flloo(1+ d/dnllrinllo)’-
dn—1

Proof. Let f = Z?:o fizt and m, = zd + > it ajz) such that f;,a; €
Zlz1,. .. zp—1) for 1 <i<dand 0<j<d,—1.
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(i) The quotient of f divided by ., has degree d—d,, so the division of f by m,,
has up to 6 = d—d,, +1 steps. In the first step, we have r; = f — fyz4=%m,,.
Thus deg(r1, zn,) < d— 1. Moreover, for 1 <i <n —1, we have deg(fq, z;) <
deg(f, z;) = d and deg(1m,, z;) < d; — 1. Consequently,

deg(rh Zl) = max{dEg(fa Zi)v deg(fdv Zl) + deg(mnv ZZ)}

< deg(f, zi) + deg(rin, 2i)
<d+d; — 1.

If deg(r1, zn) > dy, we continue the division. Let by = lc(r, 2, ) and deg(r1, 2,,) =

dp—

d — 1. In the second division step, we have ro = r; — blz,‘i_ L,,. Hence,

deg(ra, zn) < deg(r1,2z,) —1 < d—2 and
deg(ra, z;) < deg(r1, 2;) + deg(mhy, 2;)
<d+2(d; —1).

Since the division algorithm has at most § steps, in the last step, we have
deg(r,zp) <d—96=d, — 1 and

deg(r,z) < d+6(d; — 1).

(ii) In the first step of the division, we have r; = f — f429 =% m,,. Thus ||r1[ 0 <
[l flloot | fan|loo- To compute a bound for || fam, ||, it is sufficient to get
a bound for | fga;|l«c where a; € Z[z1,...,2,-1]. Using Lemma 2, we have
T,, <d/d, and

||fdaj||oo SHfd”oo”mnHoomin(Taj7de) < d/dn”deOOHmnHoo
for 1 <j <d, — 1. Thus,

71l <[ flloo Nl farinlloo I llooH[1f loo 1772n oo d/dn <[ flloc (1+d/dn |77 |00 )-

Furthermore, deg(ry, z,) < d — 1. If deg(r1, 2,) > dy, in the second division

step, we have ro = 11 — by23=9 1, where by = lc(r1, 2,). Since ||b1]|c0o<

||71]]co, using the same strategy as the first step, we have
I72llo0 <lI71lloo+l1brmnlloc <lIr1lloctd/dnlrillocl77n [loo
<[r1lloo (1 + d/dnlmnlloo) < flloo (L + d/dnlln o).
Continuing this argument, the result is obtained.

Theorem 11. Let f € Z[z1,...,2,] and 1h; € Z[z1,...,2;] for 1 < i < n be
monic minimal polynomials. Suppose that deg(f,z;) < d where d =[], d;. Let
r be the remainder of f divided by m,,...,m1. Then

n
”THOO S”fHooH(l + DiHmn—i—i-lHoo)&i
i=1
where Di = ﬁ, 51 =d-— dn + 1, and 51 =d- dn—i—i-l + 1+ (dn—i+1 —
j=1%n—j

1)2;;11 0 for2 <i<n.
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Proof. Let r1 be the remainder of f divided by ., w.r.t. z,, and 6y =d—d, +1
be the maximum number of division steps. From Theorem 10, we have

d, .
71 llse <l flloo (14 —=[lritn|0)-

Now, let ro be the remainder of ry divided by m,_1 w.r.t. z,_1. From part (i)
of Theorem 10, we have deg(r1, zn,—1) < d + 01(dp—1 — 1), thus

deg(r1, zn—1) —dp—1 +1<d+01(dp—1 — 1) =dp—1 +1

and dy = d+ §1(dp—1 — 1) — dy—1 + 1 is the maximum number of division
steps. Let m,—1 = z;il"_"ll + Zj;‘ol_lbjzfl_l such that b; € Z[z1,..., z,_2] for
0<j<d,_1—1. Thus Tbj < #. Using the same strategy as the proof of

part (ii) of Theorem 10, we have

d
Iralloo <l (14 =l o)
d . .
< llow (1 o)™ (1 T - )™

dndnfl
The result is obtained by repeating this process for all n minimal polynomials.

Using Theorem 11, we are well-equipped to compute a bound for the entries of
Ale. Ai,j~

Corollary 1. Let v = z1 + Ci120 + -+ + Cp_12, where 0 # C; € Z for 1 <
i <n—1and |y < 2¢. Let r be the remainder of v¢ divided by the monic
minimal polynomials 1y, ..., m1. Let A be the coefficient matrix obtained from
Algorithm 1. Let D; and §; be as in Theorem 11. Then,

n
Aij < rllse < 29 TT + Dillin—italloe)*
i=1

Proof. This is a consequence of Theorem 11.

We have determined that §,, < d?/d,, by computational experiment but we can
only prove this for dy = d2 = --- = d,,. Thus Corollary 1 implies log||7||s is
polynomial in d, C' and ||r7;]|so-

Suppose Algorithm MRES chooses p at random from P3;. Theorem 12 bounds
the probability that p is a det-bad prime, that is p| det(A).

Theorem 12. Let v =21+ Cizo+ -+ Cp_12, where 0 #£ C; € Z for 1 <i <
n—1 and |7 < 29. Let D; and &; be as in Theorem 11. Suppose det(A) # 0.
If p is chosen at random from Ps; then

[(d/210gy d + d(C + 37, dilogy(1+ Diflrn—it1ll)))]

<
Prob[p| det(A)] < 30N,
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Proof. To compute the probability that p| det(A) we first bound | det(A)|. Using
Theorem 9 and Corollary 1,

n

d d
| det(A) [< [T | D_ 4% < a??@7TJ(Q + Dillmn—isr o))"

i=1 \ j=1 i=1
Since p € P3; implies p > 230,
log,(| det(A) |)/ logy 2%
Np

o Ld/2logy d +dC +d3 7, dilogy(1 + Dillmn—iti )]
= 30N, '

Prob[p| det(A)] <

Now we can get a bound for ||M(z)||c where M (z) is the characteristic polyno-
mial obtained from Algorithm 1.

Theorem 13. Let M(z) be the characteristic polynomial obtained from Algo-
rithm 1. We have,

n

1M ()low d*2@C T+ Dillin-igall o))"
i=1

Proof. To construct the characteristic polynomial, M (z), we can solve the linear

(k)
system Ag = —[y4]p, for ¢ € Q. Using the Cramer’s rule, g, = dcdte(t’?A)) where

A®) is the matrix formed by replacing the k-th column of A by [y4]p, for
1 < k < d. Thus, the largest entries of A®*) appear in the k-th column. Now,
using Theorem 9, we have

d
| det(A H

Since 1h; € Z|z1, . .., 2;], we have M (z) € Z which implies that det(A) | det(A(k))
Thus, g, € Z and g, <| det(A®) [< d¥2(2° T[I_, (1 + D;|mn—it1lo0)%)%

n

d
k)2 5 ;
Z Al ) < d¥?(2 H(l + D[ —it1]|oo) %)%

=1

We still must compute the failure probability of hitting a zero-divisor prime
and evaluation point.

7 Conclusion

We have contributed a new modular algorithm to compute the resultant of two
polynomials in Q(ay,...,a,)[x1,...,xE]. Our algorithm has been implemented
in Maple, and its efficacy has been demonstrated through the presentation of two
benchmarks. Furthermore, we gave a complexity analysis with failure probabili-
ties. Nevertheless, there remains the task of computing the failure probabilities
associated with encountering zero-divisor primes and evaluation points.
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