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Multilinear Boolean Polynomials

Let f € Flxy, X2, ..., Xn] where F is a field.
f is multilinear if deg(f,x;) =1for 1 </ <n.
f is boolean if F = GF(2).

Problem: Factor a multilinear boolean f in n variables with t terms.

f = x1x3xg4 + X1 + Xox3Xq + X = (X1 F X2)(X3X4 F 1).

If we encode £ = 1011 1000 0111 0100 then size(f) is nt bits.
Can we factor f in O(ntlogt) bit complexity?
Existing factorization algorithms for F = GF(2) work over GF(2¥) and are not linear.
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Properties of multilinear boolean polynomials

f= X1X3X4 —+ x1 + X2 X3X4 + X0 = (X1 + X2)(X3X4 + 1)

Let f, g be a multilinear boolean polynomial. Let #f denote the number of terms of f.
1 If f = fif; then vars(f1) N vars(f) = ¢.
2 If f = fify then #f = #hA#hH. (x> —1) = (x —1)(x+1)
3 The irreducible factors of f over every field F are the same!
4

If the terms of f are sorted in lex order with x; > xp > - - > x, then the terms of coeff(f,x;,1)
and coeff (f, x;,0) remain sorted. E.g. coeff(f,x3,1) = x1x4 + X2Xa.

f
5 If g|f then Fi Proj(f, vars(f) — vars(g)) = f(y = 1|y € vars(g))/#sg.

f
E.g. if g = x1 + x, then E =fa=L1x=1)/2=(x3xa+1+x3x4 +1)/2 = x3x4 + 1.

not sorted
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Emelyanov and Ponomaryov's GCD algorithm from [1].

Algorithm GcdFactor
Input: multilinear boolean f in xq,...,X,.
Output: irreducible factors of f.

1 If vars(f) = ¢ return() else pick x from vars(f).

2 Set a = coeff(f,x,1) and b = coeff(f,x,0) so that f = ax + b.

3 Compute g = gcd(a, b) over F, or Q.

4 Call Algorithm GedFactor to factor g recursively; Let gi,. .., gk be the factors of g.
5 Since f /g is irreducible return(f /g, g1, . . ., 8k)-

How do we compute f/g? Use Proj(f, vars(g)).

How do we compute ged(a, b)?

Emelyanov and Ponomaryov use our Zippel GCD from [2] which does O(nt3) field operations.

Zippel's GCD needs a large field. GF(p) is better than GF(2).
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Assume f has no trivial factors, i.e. x; is not a factor.
Let x € vars(f) and f = Ax + B.
Let ¢ = gcd(A, B) and p = f/c so that f = cp.

Suppose we pick y € vars(f) with y # x. Is y in vars(c) or vars(p) ?

Let S=AB and S, = 0S5/0y. If S, = 0 then y € vars(c) else y € vars(p). I

This yields the following algorithm.




Algorithm FDexp (Emelyanov and Ponomaryov [1])
Input: f be non-zero multilinear with no trivial factor of x;.
Output: irreducible factors of f.
1 If degf <1 return f.

Pick x € vars(f).
Let f = Ax+ B and set S = AB.
Initialize X = ¢ and X, = {x}.
for y € vars(f) — {x} do

5a Compute S, = 9S/dy.

5b If S, =0then . =X U{y}else ¥, =%,U{y}.

s N

end for.
6 Set p = Proj(f,X,) and ¢ = Proj(f,%.).
7 Let ¢,...,c, be the factors of ¢ (computed recursively).

8 Output p, ¢y, ..., ¢
Problem: S = AB has bit size O(nt?). This leads to and O(n?t?) algorithm for factoring f.
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Let S=AB = (Cy + E)(Dy + F).
Then S, = 0S5/0y = AD + BC.
Do not compute AD and BC! Instead apply Schwartz-Zippel to test if AD + BC = 0.

Theorem (The Schwartz-Zippel Lemma [3, 4])

Let D be an integral domain and S be a finite subset of D.
Let f be non-zero in D[xi, X2, . . ., Xp]-

If B is chosen at random from S" then Prob[f((3) = 0] <

6 Compute C = coeff(A,y,1) and D = coeff (B, y, 1).

7 Pick 3 € GF(2%) at random for large k.
If A(a)D(ar) + B(a)C(a) =0then X, =X U{y}else X, =%,U{y}.

The new algorithm does O(n?t) ring operations in GF(2X).
It's Monte Carlo: the error probability < 2ndeg(f)2~*.
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C code is available at www.cecm.sfu.ca/“mmonagan/code/facpoly
If the input file foo has this in it

x1*x3*xx4*x5+x2*x3*%x4*xx5+x1*x3+x2*x3
the Unix command
./facpoly 5 foo

produces this output

f1 := x2+x1;
f2 := x3;
£3 := x4*x5+1;



Implementation
| use k = 63 so | can implement a multiplication in GF(2K) using bit operations on a 64 bit computer.

#define ULONG unsigned long
ULONG mul( ULONG a, ULONG b, ULONG B, ULONG m, ULONG M ) {
// Compute a b mod m in F2[x]
// M = 2"deg(m), B = 27deg(b)
if( a==0 || b==0 ) return O;
ULONG c = 0;
while( B ) {
c=c<<1; // c=2c
if(c&M)c=c " m; //c
if(b&B)c=c~a; //c
B=B> 1; // B =B/2

C Xor m
C XOor a

}
return c;

3

This does < 378 = 63 - 6 bit operations per multiplication.
To reduce the probability of error for testing AD + BC = 0 | use two points o, 3 € GF(2%3).
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Benchmark

s t GCD | FDexp(AD — BC) | FDSZ(AD — BC) | GCD4
10 100 2.027 4.068(99.9%) 0.473(99.9%) | 0.008
25 40 1.716 3.903(99.9%) 0.471(99.9%) | 0.007
50 20 2.328 3.561(99.9%) 0.490(99.9%) | 0.006

100 10 2.344 3.781(99.8%) 0.525(99.9%) | 0.006
10 | 1000 207.8 641.4(99.9%) 4.658(99.9%) | 0.080
25 400 76.21 500.7(99.9%) 4.855(99.9%) | 0.080
50 200 102.5 579.4(99.9%) 4.917(99.9%) | 0.074

100 100 159.7 606.4(99.9%) 4.942(99.9%) | 0.067
50 | 2000 | 6106.8 NA 47.19(99.9%) | 0.785

100 | 1000 | 8369.8 NA 48.16(99.9%) | 0.750

200 500 | 12581.6 NA 47.97(99.9%) | 0.745

316 316 | 13479.6 NA 47.80(99.9%) | 0.789

100 | 10000 NA NA 476.4(99.9%) | 7.978

200 | 5000 NA NA 469.7(99.9%) | 7.595

500 | 2000 NA NA 473.9(99.9%) | 7.585

1000 | 1000 NA NA 475.8(99.9%) | 7.888

Table: CPU time in seconds n = 100 variables with two factors with s and t terms.
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Define moncont(a) = []\_, x; if x;|a
Example moncont(x1xo + xpx3) = Xo.

Algorithm GCD4

Input: a, b € Faxy,..

Ouput: g = ged(a, b).

1

w

ma = moncont(a); a= a/ma;

mb = moncont(b); b= b/mb;

mg = ged(ma, mp).

if a = b return m; x a end if

if vars(a) N vars(b) = ¢ return m, end if
Pick a variable x from vars(a) N vars(b)
Let a = aix + ao and b = bix + bo.

Here moncont(a) = moncont(b) =1 = agaiboby # 0.

¢s = GCD4(ao, a1); pa=a/cs. [/ #ao+ #a1 = #a
Cp = GCD4(bo, bl); Pp = b/Cb. // #b1 + #b1 = #b
cg = GCDA(ca, cb).

if p. = pp return mgcgp, else return mgc, end if
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