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The field isomorphism problem.

Let K = Q(a1, az, ..., ax) be an algebraic number field.
WLOG assume Q(ay, ..., ;) is a proper subfield of Q(ay, ..., a;, ajy1) for 0 < i < k.

Let c1, ¢, ..., ck be integers and let v = Zf.;l cia.
Then for almost all ¢; we have K ~ Q(v) .

How can we compute a field isomorphism ¢ : K — Q(v) ?

| want to compute ¢ mod p for a prime p so that | can compute in Q() mod p instead of K mod p.
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Let K = Q(a1, a2, ..., k) be an algebraic number field.

Let A, B € K[x].
How can we compute gcd(A, B) ?
Do not use the Euclidean algorithm in K[x]! Why?



Application: The GCD problem in K{[x]

Let K = Q(a1, aa, ..., k) be an algebraic number field.

Let A, B € K[x].
How can we compute gcd(A, B) ?
Do not use the Euclidean algorithm in K[x]! Why?

Smedley 1989 (k = 1) uses single point evaluation.
Let m(z) be the M.P. for a;. Replace vy by an integer b and compute mod m(b).

Langemyr 1989 (k = 1) for a; an algebraic integer.
Compute gcd(A, B) modulo primes py, p2, ps, ... and apply the CRT.

Encarnacion 1995 (k = 1) uses rational number reconstruction.

van Hoeij and Monagan 2002 (k > 1) generalizes Encarnacion
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How do we represent elements of K = Q(aq, g, ..., ak) ?

Build K as a sequence of k quotients.

Set Ko = Q.

For i =1 to k do
Let m;(z;) be the minimal polynomial for «; over K;_; and let d; = deg(m;, z).
Set K; = K,-_l[z,-]/(m,->.

We have Ky =~ K and dim(K : Q) =[], d; = d.

Method 1 : Compute in Q[z, ..., z]/{m,..., mk) using Groebner bases.
Method 2 : Compute in K using univariate polynomial arithmetic. (Maple and Pari)



Pari's dense recursive polynomial data structure

Use Q[x, y,z] ~ Q[z][y][x] !

Pari's representation for —5 — 4 z%y3 — 6 zy?x + 9 zy3x — 8 x>

0 1 2 3
(poLy6| x [ ¢ 9o [-8]
J

Y 0 1 2 3
powvsl y [0 o ly] lrowalylalole]s]

Y 0o 1
poLys5| z[ oo 4] (PoLv4| z [ 0|6 PoLva| z [ o] 9]

Richard Fateman [2003] Comparing the speed of programs for sparse polynomial multiplication.

SIGSAM Bulletin, 37(1):4-15.

| was inspired by this and used dense recursive polynomials for GCDs in K[x] in Maple.
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> f = rpoly( 3*x"2+5xy"2, [X,y] )
3x% + 5y°

> lprint(f);
POLYNOMIAL([O, [x, yl, [11, [[0, o, 5], 0, [3]11)

> ml,m2 := z73-2,y"2-3*%z-1;

ml,m2 = 222, y*—3z—1

> f := rpoly( 2*%x72 + 3%y*x + b*z, [x,y,z], [m1,m2] );
2x> +3yx+5z mod (y* —3z—1,2° —2)

> getring(f);
[O’ [Xa Y, Z]a [[[_17 _3]a Oa [1]17 [_2’ Oa 01 1] ]]



Benchmark for dim(K : Q) = 32

Magma V2.26-12 Thu Jun 16 2022 15:48:32 on cecm-maple [Seed = 3928172896]
Type ? for help. Type <Ctrl>-D to quit.

> p = 2725-855; // p := 2731-399; p := 2762-923;

> Fp := FiniteField(p);

> P1<z> := PolynomialRing(Fp); ml := z"2+z+1; K1<z>,phil := quo<P1|ml>;

> P2<y> := PolynomialRing(K1); m2 := y~4-y*z-2; K2<y>,phi2 := quo<P2|m2>;
> P3<x> := PolynomialRing(K2); m3 := x~2-x*y-4; K3<x>,phi3 := quo<P3|m3>;
> P4<w> := PolynomialRing(K3); m4 := w"2-3*x*w-y; K4<w>,phi4 := quo<P4|m4>;
> P<u> := PolynomialRing(K4) ;

> g := u+2*w*z+5*x+4*y*z+3,

> a = utwky+6*xx+7*y*z+8;

> b 1= utwkx+O*WkZ+2xy+2;

>n :=3; // 4, 7, 15, 31, 61, 127

> a := a"nxg;

> b := b nxg;

> time for i := 1 to 100 do h := Gcd(a,b); end for;

Time: 0.480

> h;

u + 2%zxy + bkx + 4xz*xy + 3
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Table: Timings in CPU seconds for k = 4(k = 1) with [K : Q] = 32.

p = 2% — 855
n | Pari Magma Maple ipged - C code
3| 1.178(0.0301) | 0.36(0.087) 0.11(0.045) 0.067(0.0155)
7 | 4.371(0.0691) | 1.10(0.159) 0.30(0.101) 0.257(0.0484)
15 | 16.66(0.1821) | 3.36(0.471) 0.97(0.275) 0.972(0.1617)
31 | 64.29(0.5507) | 11.52(1.711) | 3.25(0.799) 3.652(0.579)
61 | 239.1(1.754) 38.80(6.160) | 11.1(2.616) 13.37(2.046)
127 | STACK(6.734) | 158.2(26.36) | 45.28(10.23) | 56.11(8.403)
p=2%_-023
n | Pari Magma Maple ipged - C code
3 | 1.307(0.0722) | 1.37(0.230) 1.535(BUG) | 0.097(0.0234)
7 | 4.910(0.1870) | 3.90(0.597) 5.184(BUG) | 0.369(0.0760)
15 | 18.71(0.5320) | 12.04(1.755) | 18.34(BUG) | 1.378(0.2609)
31 | 72.56(1.703) 40.26(5.830) | 66.38(BUG) | 5.264(0.948)
61 | 268.3(5.632) 148.4(19.85) | 231.5(BUG) | 19.12(3.375)
127 | STACK(22.09) | 662.0(79.40) | 954.3(BUG) | 77.84(13.95)

Why is k =1 field extension so much faster than k = 4 extensions?
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Computing in K mod p : How to divide by p?

How do we compute C(x) = A(x) x B(x) in Z/pZ[x] ?
Let A=Y aix',B=3" bix',C =% cix'.

Ck = Zgr;f;(x’?z,)k—db) (ai X bx—i mod p)

The hardware integer =p instruction is very expensive compare with x.
1994 T. Granlund and P. Montgomery replaces the division by p with 2 multiplications and ....

= (Z;“:"r‘rf:)’(‘(ii?kfdb) (ai x bx_; mod 264p)) mod p

ULONG[2] z; z[0] = 0; z[1] = 0;
while( i<m ) {
zfma(z,ali] ,b[k-1]); i++;
zfma(z,al[i] ,b[k-1]); i++;

if( z[11>=p ) z[1] -= p; // if( z>px2764 ) z = z - p*x2764;
}

This does only da + db + 1 divisions by p and (da + 1)(db + 1) multiplications.
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Use a primitive element from K modulo p

Input K = Q[z1, ..., z]/{mi(z1), ..., mk(zk)).
Let d = HLl deg(mj, z;).
repeat
Pick non-zero ¢; € Z and set v = ZLI Giz;.
Let m(z) be the minimal polynomial for v over Q.
until deg(m, z) = d. // This means Q[z]/(m(z)) ~ K
Compute an isomorphism ¢ : K — Q[z]/m(z).

Example K = Q[x,y]/(x? = 2,y> =3) withc; = o =1,y =x +y,
m=z'-1022+1, ¢(1)=1, p(x)=2z—-32% o(y)=-2z+123
and p(xy) = p(x)e(y) = 32° + §.

Do this modulo a prime p to avoid large fractions!
How do we compute m(z) and ¢ mod p ?
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> B := [x72-2,y72-3,z- (Lkx+1%y)];

[X2_2ay2—3aZ—X_Y]

v
@«
]

Groebner [Basis] (B,plex(x,y,z)); # x>y > z

G = [ —102° +1,2° + 2y — 11z, —2° 4+ 2x + 97]

> phi(x) = solve(G[3],x), phi(y) = solve(G[2],y);

3

o(x) = —-Z+ z » oy) =

NI —
N

> Groebner [Basis] (B,plex(z,x,y)); # z > x>y

V> =3,x°—2,z—x—y]

We can use FGLM (Faugere, Gianni, Lazard, Miola)! Costs O(kd?).
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K is a vector space over Q of dimension d = dim(K : Q).
Let m(z) =z + E, _o Xiz' where x; € Q.

Pick non-zero ¢; € Z and let v = lel Cizi.

Then

A : : X0

I L x :
my)=0 = A= |1 v ~% ... 4! X; = |9 =b

L . . .

Compute A then A~! then x = A~1b all modulo p.
We have p(x) = A"1x and o~ 1(y) = A

Costs O(d®) + O(d®) + O(d?) arithmetic operations in Z/pZ.



Method 3: lterated Resultants

Use the subresultant algorithm to eliminate zx then z,_1, ... then z; from z — v where v = Zle Ciz;.

Example K = Q[x, y]/(x? —2,y? — 3) with y = x + y.

SubresultantAlgorithm( z — x — y, x> — 2, x ) in R[z][x] where R = Q[y]/(y? — 3).

Output: x> —2, z—x—y, —2zy+z>+1.

SubresultantAlgorithm( —2zy + 22 +1, y2 -3, y ) in Q[Z][y].
Output: y? —3, —2zy + 22 +1, z* —102% + 1.

Set m(z) = z* — 1022 + 1 and L = Q[z]/{m(z)).

Solve —2zy + z? + 1 for y over L (invert —2z in L)) to get ¢(y)
Solve z — x — p(y) for x over L to get ¢(x).

Use evaluation/interpolation on z ?
What can go wrong mod p ?
Cost 7
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Using Method 2: Linear Algebra (column phigcd)

Table: Timings in CPU seconds for k = 4(k = 1) with [K : Q] = 32.

p=2%_855
n | Pari Magma Maple ipgcd phiged(%phi)
3| 1.178(0.0301) 0.36(0.087) 0.11(0.045) 0.067(0.0155) | 0.081(77.8%)
7 | 4.371(0.0691) 1.10(0.159) 0.30(0.101) 0.257(0.0484) | 0.117(59.3%)
15 | 16.66(0.1821) 3.36(0.471) 0.97(0.275) 0.972(0.1617) | 0.238(26.2%)
31 | 64.29(0.5507) | 11.52(1.711) | 3.25(0.799) | 3.652(0.579) | 0.672(9.3%)
61 | 239.1(1.754) 38.80(6.160) | 11.1(2.616) 13.37(2.046) 2.197(2.9%)
127 | STACK(6.734) | 158.2(26.36) | 45.28(10.23) | 56.11(8.403) | 8.717(0.7%)
p =2%-923
n | Pari Magma Maple ipged phiged(%phi)
3 | 1.307(0.0722) 1.37(0.230) 1.535(BUG) | 0.097(0.0234) | 0.100(69.3%)
7 | 4.910(0.1870) | 3.90(0.597) | 5.184(BUG) | 0.369(0.0760) | 0.159(44.2%)
15 | 18.71(0.5320) | 12.04(1.755) | 18.34(BUG) | 1.378(0.2609) | 0.356(29.8%)
31 | 72.56(1.703) | 40.26(5.830) | 66.38(BUG) | 5.264(0.948) | 1.082(6.6%)
61 | 268.3(5.632) | 148.4(19.85) | 231.5(BUG) | 19.12(3.375) | 3.635(2.0%)
127 | STACK(22.09) | 662.0(79.40) | 954.3(BUG) | 77.84(13.95) | 14.63(1.0%)
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Appendix: Pari code

? xtytztutw; /* Henri, is there a better way to force x>y>z>udw 7 */
? p = 2725-855; /* p = 2731-399; p = 2762-923; */
7?7 ml = w2+w+l;

7 m2 = ut4-uxw-2;

? m3 = z"2-zxu-4;

? m4 = y~2-3%y*z-u;

/* K = Z/pZly,z,u,w]/<ml,m2,m3,m4> */

? zero = Mod(Mod(Mod(Mod(Mod(0,p) ,m1) ,m2) ,m3) ,m4);
? g = x+2¥uxy+bkz+4xwku+3 + zero;

? a = x+y*w+b6*xz+T7*wxu+8 + zero;

? b = x+y*z+0*xy*u+2*w+2 + zero;

?n=7; /xn=3, 4, 7, 15, 31, 61, 127 */

? aa = g*a"n; bb = gxb’n;

? monicged = (a,b) -> {G = gcd(a,b); G/pollead(G)};
? for( i=1, 100, H=monicgcd(aa,bb) );

T ##

oKk last result: cpu time 4,360 ms, real time 4,373 ms.
? liftall(H)
%276 = x + (2%uxy + (5xz + (4xwxu + 3)))
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Appendix: Maple code

> kernelopts (opaquemodules=false) :

> RD := Algebraic:-RecursiveDensePolynomials:

> p = 2725-855: # p := 2731-399; p := 2762-923;
> ml := z"2+z+1:

> m2 := yT4-y*xz-2:

> m3 := x"2-x*xy-4:

> md = wo2-3kwkx-y:

>R := ( [u,w,x,y,2z], [m4,m3,m2,m1], p ):

> g := RD:-rpoly( u+2*wxz+b*x+4*y*z+3, R ):

> aa := RD:-rpoly( utw*y+6*x+7*y*z+8, R ):

> bb := RD:-rpoly( utwkx+9xwxz+2*y+2, R ):

>n :=3: #3, 4, 7, 15, 31, 61, 127

> a := RD:-mulrpoly(g,RD:-powrpoly(aa,n)):

> b := RD:-mulrpoly(g,RD:-powrpoly(bb,n)):

> CodeTools[Usage] ( to 100 do h := RD:-gcdrpoly(a,b) od ):

memory used=2.12MiB, alloc change=0 bytes, cpu time=40.00ms, real time=41.00ms, gc time=Ons
> RD:-rpoly(h); # check
2wz+4yz+u+bx+3
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> pl,p2 := 1074+7,1074+9;
pl, p2 = 10007,10009

> ul := 101/103 mod pil;

ul = 1264
> u2 := 101/103 mod p1l;

u2 = 2236
> um := chrem([ul,u2], [p1,p2]);

um = 95297925

> iratrecon(um,pl*p2);
101
103

Paul Wang 1981, Wang+Guy-+Davenport 1982, Monagan 2004
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Appendix: How to divide by m;(z)?

How do we compute C(x) = A(x) x B(x) in R[x] where R = Q[z1]/m1(z1) mod p.

min(k,da)
Ck = Z a,-(zl) X bk,,-(zl) mod ml(Zl)
i=max(k,k—db)
T—[0]T1[2[3[4[5]6] = [T]0]-10]0]1]=m()

I've coded (in C Henri!) 4+, —, x and inverse in K mod p to run in-place for k > 1 for p < 253,

Also +, —, x, =, gcd in K[x] mod p for k > 1 for p < 293
| use a dense representation for K mod p, for example, for K = Q[y, z]/(z> — 2,y?> — 3z — 1)
| store 3z' +5z%y as[ 1 [1[0[3[¢[2[0][0]5]
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