[> wi t h( G aphTheory);
[ AcyclicPolynomial, AddArc, AddEdge, AddVertex, AdjacencyMatrix, (D)

AllPairsDistance, Arrivals, ArticulationPoints, BellmanFordAlgorithm,
BiconnectedComponents, BipartiteMatching, Blocks, CartesianProduct,
CharacteristicPolynomial, ChromaticIndex, ChromaticNumber,
ChromaticPolynomial, CircularChromaticlndex, CircularChromaticNumber,
CircularEdgeChromaticNumber, CliqgueNumber, CompleteGraph,
ConnectedComponents, Contract, ConvertGraph, CopyGraph, CycleBasis,
CycleGraph, Degree, DegreeSequence, DelaunayTriangulation, DeleteArc,
DeleteEdge, DeleteVertex, Departures, Diameter, Digraph,
DijkstrasAlgorithm, DiscardEdgeAttribute, DiscardGraphAttribute,
DiscardVertexAttribute, DisjointUnion, Distance, DrawGraph,
DrawNetwork, DrawPlanar, EdgeChromaticNumber, EdgeConnectivity,
Edges, ExportGraph, FlowPolynomial, FundamentalCycle, GetEdgeAttribute,
GetEdgeWeight, GetGraphAttribute, GetVertexAttribute, GetVertexPositions,
Girth, Graph, GraphComplement, GraphEqual, Graphjoin, GraphNormal,
GraphPolynomial, GraphPower, GraphRank, GraphSpectrum, GraphUnion,
GreedyColor, HasArc, HasEdge, HighlightEdges, HighlightSubgraph,
HighlightTrail, HighlightVertex, HighlightedEdges, HighlightedVertices,
ImportGraph, InDegree, IncidenceMatrix, IncidentEdges,
IndependenceNumber, InducedSubgraph, IsAcyclic, IsBiconnected,
IsBipartite, IsClique, IsConnected, IsCutSet, IsDirected, IsEdgeColorable,
IsEulerian, IsForest, IsGraphicSequence, IsHamiltonian, IsIntegerGraph,
IsIsomorphic, IsNetwork, IsPlanar, IsRegular, IsStronglyConnected,
IsTournament, IsTree, IsTwoEdgeConnected, IsVertexColorable, IsWeighted,
IsomorphicCopy, KruskalsAlgorithm, LineGraph, ListEdgeAttributes,
ListGraphAttributes, ListVertexAttributes, MakeDirected, MakeWeighted,
MaxFlow, MaximumClique, MaximumDegree, MaximumlIndependentSet,
MinimalSpanningTree, MinimumDegree, Mycielski, Neighborhood,
Neighbors, NonlsomorphicGraphs, NumberOfEdges,
NumberOfSpanningTrees, NumberOfVertices, OddGirth, OutDegree,
PathGraph, PermuteVertices, PlaneDual, PrimsAlgorithm, RandomGraphs,

RankPolynomial, RelabelVertices, SeidelSpectrum, SeidelSwitch,



SequenceGraph, SetEdgeAttribute, SetEdgeWeight, SetGraphAttribute,
SetVertexAttribute, SetVertexPositions, ShortestPath, SpanningPolynomial,
SpanningTree, SpecialGraphs, StronglyConnectedComponents, Subdivide,
Subgraph, TensorProduct, TopologicSort, TravelingSalesman, TreeHeight,
TuttePolynomial, TwoEdgeConnectedComponents, UnderlyingGraph,
VertexConnectivity, Vertices, WeightMatrix]

> wit h( Speci al Graphs) ;
[ AntiPrismGraph, CageGraph, ClebschGraph, CompleteBinaryTree, (2)

CompleteKaryTree, CoxeterGraph, DesarguesGraph, DodecahedronGraph,
DoubleStarSnark, DyckGraph, FlowerSnark, FosterGraph,
GeneralizedBlanusaSnark, GeneralizedHexagonGraph,
GeneralizedPetersenGraph, GoldbergSnark, GridGraph, GrinbergGraph,
GrotzschGraph, HeawoodGraph, HerschelGraph, HoffmanSingletonGraph,
HypercubeGraph, IcosahedronGraph, KneserGraph, LCFGraph, LeviGraph,
McGeeGraph, MobiusKantorGraph, OctahedronGraph, OddGraph,
PappusGraph, PayleyGraph, PetersenGraph, PrismGraph, RobertsonGraph,
ShrikhandeGraph, SoccerBallGraph, StarGraph, SzekeresSnark,
TetrahedronGraph, ThetaGraph, TorusGridGraph, Tutte8CageGraph,
WebGraph, WheelGraph]

> W6 = Wheel G aph(5):
W5:= Graph 1: an undirected unweighted graph with 6 vertices and 10 edge(s) (3)

(> DrawGr aph( V) :




5\0/2

B | sVert exCol orabl e( Wb, 3);
false

> P = PetersenG aph();

P:= Graph 2: an undirected unweighted graph with 10 vertices and 15 edge(s)

(> DrawG aph(P);
T

10 7

4/ \3

;The Petersen graph is 3 colorable.

> | sVertexCol orabl e(P,3,'C);
true

> G
[[1, 3,8,10], [2,4, 6], [5,7,9]]

[> HighlightVertex(P, 1], red);

(4)

(5)

(6)

(7)
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Hi ghl i ght Vertex(P, ([ 2], green);

Dr awGr aph( P) ;
5
9
7
Vertices(Wb);
[0, 1, 2, 3,4, 5] (8)
seq( x[u]”k-1, u=Vertices(W) );
X1, -1, -1, -1, % -1, -1 (9)
Edges( W) ;
{{0, 1}, {0, 2}, {0, 3}, {0, 4}, {0, 5}, {1, 2}, {1, 5}, {2, 3}, {3, 4}, {4, 5}} (10)
seq( x[e[1]]"k-x[e[2]]"k, e=Edges(Ws) );

X — X)) X — X X — X5, X — Xy X — X5, X~ X X X5 Xy — X Xy =X Xy —xg (1)
Sys := proc(G : G aph, x:: nane, k: : nonnegi nt)
local V,E v, e, S
V,E := Vertices(G, Edges(Q;
S := {seq( x[v]”k-1, v=V )} union
{seq( normal ( (x[e[1]]"k-x[e[2]]"k) / (x[e[1]]-x[e[2]])

= Sys( \eel Graph(3), x, 3 );

+x2x1+x§, xf+x3x1+x§, x§+x3x2+x§}

S := subs( x[0]=1, S);
::{O,xf—l,xg—l,xg—l,1+x1+x§,1+x2+x§,1+x3+x§,x§+x2xl+x§,xf (13)



>

2 2 2
F Xy X+ X5 X+ X3 X, + X5}

Groebner[Basis] (S, tdeg(x[0],x[1],x[2],x[3]) );:
[1]

= Sys( Weel Graph(4), x, 3);

= {xg—l, xi—l,xg—l, xg—l, xi—l,x(2)+x1x0+x%,x(2)+x2xo+x§,x(2)+x3xo

X5, X5+ Xy X+ X5 X Xy X) + X5, X+ Xy Xy + X, X+ Xy X + X5, X+ Xy X+
2
X4}

S := subs( x[0]=1, S);

Si={0,%-1,0-1,4-1Lx—1,1+x+X, L+x%+X%, 1 +x+x5, 1 +x,+

2 |2 2 |2 2 |2 2 |2 2
Xy Xp X X X5, X] + Xy X) + X X5+ X3 X + X5, X5+ X, X3+ X

G oebner[Basis] (S, tdeg(x[1],x[2],x[3],x[4]) );
(X + 14Xy X% — Xy X + 14X, 1+X,+X]

Monom al s : = proc( X :set(nane), d::nonnegint) option renmenber;
local x,i,m

# return all nmonomals in X of degree 0,1,...,d .

I f X={} then return 1 fi;

X = X 1];

seq( seq( x"i*m meMonomi als( X[ 2..-1], d-i ) ), i=0..d);
end:
Monomi al s( {x,Y, z} 3

1,2,22,23,y,yzy )2)2 );’xxzxz2 xy,xyzxfxzxzzxy,

HNSS : = proc( S::set(polynom, d::nonnegint, c::nane,
ansat z:: nane )
l ocal Mi, one, X

X |ndets(S, name); #print(X);

M:= [Mnonials(Xd)]; #print(M;

one := add( add( c[i,j]*Mj], j=1..nops(M )*S[i], i=1..nops

(S ),
if nargs=4 then ansatz := one fi;
{ coeffs( expand(one)-1, X ) };
end:

;Consider W(5)

>

S:=

S := HNSS( Sys(Weel G aph(5),x,3), 1, ¢, "ANS );
(003040506070 203C40C50C60Cn0Gx»0G3 64

G566 G Gy 00 Gy 30 G G5 GG G506 36465 6 e GG o
G,3 G4 G,5 %60 %,7 71081 %1 Go 1 AL G2 1 G2 3 G310 G3,4 G4 10

C4 2G5 1056 61 65 G370 B 2T0G1L5 %2704 G961 G 4

(14)

(15)

(16)

(17)

(18)

(19)



Co,51t G 3 C221TC35 CoaT 046 G331 C66 G551 C4g 3 G4t Cs, 2

G1tCGo11CG3 1 QatCs+CynGetCort6C 5 G 1t1Cs1+G0Gy1 63

T G571 Goe Q6T 65616 G011 61T s, 1 Co2T 61,31 Ge, 7
G1,1 76317661 G4t 4130 23T G343 23T 60331T6G 3
Co,4TC341TCG 4 Q377G 21016 G111 TG 1 Gg2t G2t G o
Cs,2 T Cy 21T G2 G5 TCo s T G55 e 51 G351 1,5 G661 Clo6
TCs56 1706703617460 G5 TC03s5TGys5 T e G 710371 G 6
T QaTCyaTCoatTCys5 Q5T Cy71TC2 716G 75 G 310541653
TCy3 G4t Cy71TC 71057 o2t Gg2t G521 G633 Go37T o, 7
TCs5,7TG67 G031t G631t 611053 QL7266 71632 3,2
TG 110, 2TG62 G321 G361 G161 G660 C3,6 TC22 TG 21032
Cgs5TCsTG1TQs5CueT®eTCr6TC2s G541 G 1T 041G 4

G551t Ca4tCy51TG 5 Cg3tCe2T 60331013 G641 Coat 53

TG54 G111 G 176G 1 TG 11TGo1y G 276G 2" G2"G2"CGr"Cn»
65T 657G s G505 85 TG 3 763G 3637637063,
G GB 606 6G,6 %6 O 646476476476 470 g

G777 GG 770 770Gt o2t Gt a2t G2ty 2
GetGhoetGetCoet G 7t GLe GatGataratGQrtGosatGa
CosT&®sTG® 70,510 s5T6Gs5 o7 003103 T&3T6G31TG 3
Go7t0L7 TG 7t 174Gt Gn 1= 176176176 1-G;

~ G, 1)

(> ANS:
3
(CL 1+ QX0 3X+0 4 X+ 5X%+0 X +¢ ;X)) (X~

)—‘><UJ
)_a

TGO X T 63X 16 4 X316 5X% 166X T6 7X

I'\JXLAJ
p_\

TG X5+ G 33Xy TG X3 TG 5X TG gX TG 7%

»-lkxw
)_a

TG oXs TG 33Xy TG 4 X3 TG 5% TG X TG 7%

U‘I><w
p_\

D e N e s
=
w W
}_l
~_— ~— ~— ~— ~— —_

)
)
TG X+ G 3XTC X3¢ 5%+ G aX ¢ 7%)
)
)

TG 20X TG 3 Xy TG4 X3 TG 5% TG 6% TG, 7%

(20)



2 2
FC X TG 3 Xy TG Xy G s X+ G X G X)) (XX Xy F X G 1

)+ (
) + (61

2 2
+ G X5+ G 3 Xy G X3+ G s X TG X F G 7 X)) (XgF XX+

TG o X5+ Cy 3 Xy TG 4 X3+ Cy 5X TG g X+ Gy 7X) (X(2)+X3X0+X§)

2
+ (o 1+ Co 2 X5 TG 3%+ Co 4 X3+ G 5%+ Co 6 X TGl 7 X0) (X0 X, X

2
+X421> + (011t 2X+ 013X+ 4X3+C 5% 016X T 01 7%) (X

+X5XO+X§) T (Cip 1 G2 X5 T Cp 3 X+ Cp 4 X3+ Cp 5% +Cp X

+ 0 7 %) (X +xx+%) + (G317 C3 2% T 033X 034X+ 035X
T 03 6% T q37X) (X§+X5 Xl“‘xg) T (a1 Qg2 X5 T Oy 35X 0y 4 X3
T 0y 5% +Cy X T 0y 7X) (X§+X3 X2+X§) (G501 F G52 X5+ 053X
054 X3+ Qs 5% + O35 6% + G5, 7 X)) (X§+X4X3+X421) + (G611 Crg 2 X5
+ G 3 X T g 4 X3 1 g 5% + g 6 X+ Cig 7 X)) (X + x5 %, + %)

;Try to find a degree 1 certificate for W(5)

> nops(S);

115 (21)
=> nops( indets(S) );

112 (22)
> {solve(S)}:

{} (23)

[> S = HNSS( Sys(Wheel Graph(5),x,3), 2, ¢ ):
| A degree 2 certificate

> nops(S);

336 (24)
> nops( indets(S) );

448 (25)
B {solve(S)};

¢ (26)

[> S := HNSS( Sys(Weel Graph(5),x,3), 3, ¢ ):
| A degree 3 certificate

> nops(S);

783 (27)
[> nops(indets(9)):

1344 (28)
> sol := {solve(S)}: # should output {} but getting bad answer in



| Maple 17
| > S = HNSS( Sys(Weel G aph(5),x,3), 4, ¢, 'ZZ' ):
| A degree 4 certificate

> nops(S);
1590 (29)
[> nops(indets(9)):
3360 (30)
> sol := solve(9);
[Length of output exceeds limit of 2000000] (31)
[> Certificate := proc(ansatz, sol, c) local p;

p := map( proc(e) if lhs(e)=rhs(e) then I hs(e)=1 fi end, sol
);

subs( p, subs( sol, ansatz ) );
end:

;> Certificate( ZZ, sol, c):

> expand( 9 ;
1 (32)

;> S := HNSS( Sys(Weel Gaph(5),x,3), 1, ¢, 'ZZ ):
| But a degree 1 certificate exists modulo 2 !!

> sol := nmsolve( S, 2);
soli={¢ =_Z5+_Z3+_Z1+ _Z4+ _ 72, ¢ ,=0,¢3=0,¢4=0,¢5=0,¢ 4 (33)

=0,¢,=0,¢6=_274+_26+ _Z10+ _Z12+ _Z15+ _Z1, ¢ ,=0,¢ 3=0,
64=0,65=0,66=0,6,=0,6,=_29+_2Z2+1+_26+_Z10, ¢ ,
=0,63=0,64=0,65=0,6G4=0,¢,=0,¢,=_211+1+_2Z29+ _Z12
+_.23,¢,=0,¢3=0,¢,=0,¢5=0,¢=0,¢,=0,¢=_2Z15+_24
+1+_ZI1+_Z13,¢,=0,63=0,64=0,65=0,64=0,6,=0,¢
=_Z5+ _Z13+ 27,6 ,=0,63=0,6,4=0,65=0,66=0,67;=0,¢4
=0,¢,=_214+1,¢ 3=_7Z14, ¢, y=_Z10+ _Z12+ _Z15+ _Z14, ¢; 5
=_Z12+ _Z15+ _Z14+ _Z10+1, ¢; ¢=_Z10+ _Z12+ _Z15+ _Z1, ¢, ,
=_Z1,¢1=0,¢ p=_Z8+ _Z14, g 3=_Z12+ _Z15+ _Z14, ¢ 4, =1+ _Z12
+_Z15+ _Z14, g 5= _Z2+ _Z8+ _Z12+ _Z15, g o =1+ _Z8+ _Z14, ¢ ,
=_22,¢1=0,6 ,=_Z15+_Z14, ¢ 3= _Z14+ 1+ _Z15, ¢ 4= _Z12+ _Z3
+_Z210, ¢ 5=_212+ _ZI5+ _Z14+ _Z10+1, ¢ 4=_Z10+_Z12+ _Z15
+_Z14, ¢4 ;=_723,¢c91=0,C0,=-214+1,¢3=_215+_Z12+ _Z4, ¢y 4

=1+ _Z12+ Z15+ 714, ¢y 5= _Z12+ _Z15+ _Z14, ¢;q g = _Z14, ¢, 5



=_Z4,¢c1 1=0, ¢ ,=_Z15+_7Z8+ _Z5 ¢ 3=_Z14+1+_Z15 ¢ 4
=_Z15+ _Z14, ¢ 5=_28+ _Z14, ¢y ¢=1+_28+ _Z14, ¢\ ;=_Z5 ¢|5 ;
=0, 05 =28+ _Z14,¢p 3=0,¢p 4 =_Z10+ _Z12+ _Z15+ _Z14, ¢, 5
=1+_26+ _Z12+ _Z10+ _Z15+ _Z8 ¢y o= _26, ¢y ;= _2Z8+ _Z10+ _Z12
+_Z15,¢31=0,¢5,=1+_2Z7+ _28 ¢j33=_214,¢3 4,=0, ¢35 5=_28

+ _Z14, ¢35 4=_27,C37,=_2841=0,04,=0,¢,43=_2Z12+_ZI5
+_Z14, ¢4 4= _Z10+ 1+ _29, ¢y 5=_29 ¢y ¢=_-210+_Z12+ _Z15
+_Z14, ¢4 7=_210, ¢51 =0, ¢5 ,=_Z15+ _Z14, ¢|5 3 =1+ _ZI11 + _Z12,
Cis, 4= - _Z11, Cs 5= 12+ _Z15+ _7Z14, Cs 6= =0, Cs, 7= _Z12, C6,1 =0,
Cgo=-L13+1+_Z15 ¢3=_213,Cg4=_-215+_Z14,C55=0, Cq4
=_Z14, ¢q ;= _Z15}

[> zvals ;= map( proc(e) if type(rhs(e),nane) then rhs(e) fi end,
sol );
Zvals:={_7Z1, _Z10, _Z11, _Z12, _Z13, _Z14, _Z15, _Z2, _Z3, _Z4, _Z5, _76, _Z7,
_Z9}
> one : = subs( {seq( z=1, z=2zvals)}, Subs( sol , ) nod 2;

Z)
one::ngrl+x§+x§+x2+x§+(x4+x2+x0 (x0+x1x0+x1) + (% +x

Xyt X+ X+ X)) (XXX +X5) +
X5+ Xy X X)) (XX X +XE) +x, (K] %%

+%H%+&%+€) + (X + X% +Xx
+ %) (X + %, % +X5) +

+x§) + (X5 + X, + X+ Xp) (x1+x5x1+x5) (X4 + X3+ X +X) (x2+x3x2+

+(
+(
x3) + (Xy + X3+ X, + X)) (x3+x4x3+x4) + (X5 + Xy + X+ X)) (xi+x5x4+

)

[ > Expand(% nod 2;

(34)

(35)

(36)



