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{ MATH 800 Assignment 1
(due May 24, 2006, 9:30)
[ > restart;

=11.2.2

[ We enter the polynomial defining the variety.
[ > £ = y*2-x*(x-1)*(x-2);
f=y —x(x-1)(x-2)

[ Wecansolvef—Oforyexactlywhen0<3l7f£atls, when 0 <x (x—1)(x—-2).

> yh2-£;
solve( y*2-£ >= 0, {x} ); V//

' x(x—1)(x-2)

{021}, 4252}

[ We can solve for y when x is between 0 and 1 (inclusive), or at least 2.

| To solve for y we isolate the y* term in /= 0 and take the square root of both sides.
| > isolate( £ = 0, y*2 );

map( sqrt, % );

solve( simplify (%), (¥} ):

P=x(x-1)(x-2)

N =fx G- 1) (-2)
=Ax(x-1)(x-2)}, {p=—x(x-1)(x-2)} e

[ There are 2 y's for each valid x.
[ We expect there to be symmetry over the x-axis (vertical symmetry), which we verify as follows.

[ > subs( y=-y, £ );
yz—x(x—l)(x—Z) \/
[ Finally we plot the variety V(f). )
> plots[implicitplot] ( £, xTG/t .5, y=-5..5, grid=[100,100],
scaling=constrained ) ; W

4
"_'I '15
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> plots[implicitplot3d] ( x*2+y*2+2z72-1, x=-1..1, y=-1..1,
z=-1..1, axes=box, grid=[25,25,25], style=patchcontour,
scaling=constrained ) ;



W

| [ A sphere of radius 1 centred at the origin.

= b)

{) plots[implicitplot3d] ( x"2+y*2-1, x=-1..1, y=-1..1, z=-1..1,
| axes=box, grid=[25,25,25], style=patchcontour,

scaling=constrained );




1

| > P := plots[pointplot3d] ( [-2,1.5,0], color=black,
symbol=diamond, view=[-3..3,-3..3,-3..3], axes=box,
scaling=constrained ):

plots[displayl( P );




A single point at coordinates [-2, 1.5, 0]. This variety is the intersection of the 3 planes

- V(x+2), V(y— 1.5), V(z) shown below.
[ > 8 := plots[implicitplot3d] ( [x+2, y-1.5, z], x=-3..3,
y=-3..3, 2z=-3..3, axes=box, color=[cyan,green,yellow],
grid={25,25,25], style=patchnogrid, scaling=constrained ):

plots[display]( P, S );
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> £ 1= x*z2-x*y;

] _fozzmxy

[ > plots[implicitplot3d] ( £, x=-2..2, y=-2..2, z=-2..2,
axes=box, grid=[25,25,25], style=patchcontour,
scaling=constrained };




- By Lemma 2, this variety is the union of the plane V(x) and the parabolic cylinder V(z* — y),
as shown below.
| > factor(f):

, —x(—zz+JQ

> plots[implicitplot3d]( [op( 2..3, % )], x=-2..2, y=-2..2,
z=-2..2, axes=box, grid=[25,25,25], style=patchcontour,
scaling=constrained ) ;




= é)

> (£,g) := x"4-z*x, x"3-y*x;

_ Jog = X —zx, X - xy
[ > factoxr( £ );
factor( g };
ged( £, g )

X (.\:3 =z

XA xz -¥) \/
"

By factoring f, g we see that V(f, g) is the union of V(x) and V(x’ — z, x> — y) (by Lemma 2).
The first variety is a plane, while the second we recognize as the twisted cubic. We verify this

1 by solving for x, y, z.
> solve( {£f/x, g/x}, {x,y,z} ); /




| We plot the plane and curve forming the variety.
[ > P := plots[implicitplot3d] ( x, x=-1..1, y=-1..1, z=-1..1,

i
i
i
I
I
!
|

=

f

i
1
1

axes=box, grid=[25,25,25], style=patchcontour,
scaling=constrained ):

C := plots|[spacecurvel( [x, x"2, x*3], x=-1..1l, color=black,
thickness=5, axes=box, scaling=constrained ):
plots[display]( P, C );

> (£,g) 1= w*2+¢yi2+gr2-1, x"24+y*2+(z-1})"2-1;

LEE < +y2 +7 - 1.x +y2 +(z-1Y =1
The variety V(f, g) is the intersection of the spheres V(f), V(g). We solve for the
intersections of these two spheres. /

> solve({ {f = g}, {=z} );

SUbS( %,r {f; g} );



B | —

St
18]

~
3 )

3 ) I
(X 43y — ;}
The two spheres are the same except for the z-coordinates of their centres. We thus expect

1
them to intersect at a constant z-value, which we find to be z = "2" The intersection is a circle

3
in this level z-plane, centred at (0, 0) and with radius T We plot this curve using a

~ trigonometric parametrization. :

"> C := plots[spacecurve] { [sgrt(3)/2*%cos(t), sqrt(3)/2*sin(t),
1/21, t=0..2*Pi, color=black, thickness=5, axes=box,
scaling=constrained ):

plots[display]( C, view=[-1..1, -1..1, -1..2], labels=[x,y,z]
};




[ And we plot this variety along with the two spheres that it is the intersection of.
[ > 8 := plots[implicitplot3d]( [f, g], x=-1..1, y=-1..1,
' z=-1..2, axes=box, grid=[30,30,30], style=point,
scaling=constrained ):
plots[display]{ C, S, orientation=[45,75] );
27
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" MATH 800 Assignment 1
(due May 24, 2006, 9:30)
[ > restart;

-1.34

[ We plot the given parametric representation.
> plot( [t/ (1+t), 1-1/t%2, t=-20..20], color=blue, discont=true,
view={[-10..10, -10..10], labels=[x,y], scaling=constrained ) ;
10- \/
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| We plot our derived polynomial equation that defines the variety.
[ > plots[implicitplot] ( y*x*2-2%x+1, x=-10..10, y=-10..10,
| grid=[100,100], view=[-10..10, -1o..to/3, scaling=constrained ) ;
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-11.3.6
[ We plot the polynomial equation that defines the sphere.
"> plots[implicitplot3d] ( x*2+y~2+z*2-1, x=-1..1, y=-1..1,

z=-1..1, axes=box, grid=[25,25,25], style=patchcontour,
scaling=constrained ) ;

E UL I M T



I

[ We plot the derived parametrization. '

"> plot3d( [2*s/(s"2+t"2+1), 2*t/(s“2+322*1), e éé%%%é
(s*2+t*2-1)/ (s"2+t"2+1)], s=-40..40, t=-40..40, axes=box,

labels=[x,y,z]l, grid=[500,500], style=patchcontour,

scaling=constrained )} ;
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[ We choose a value for ¢ and plot the given polynomial equation that defines the variety.
[ > e = 3;
i =3

-> plots[implicitplot] ( yA2-c*x”2+4+x*3, x=-5..5, y=-10..10,
grid={100,100], view=[-5..5, -10..10] };




L /

[ We plot our derived parametrization.

-10..101, labels=[x,y] )

-10-

(> plot( [c-t*2, t*{c-t*2), t=-c..c], color=blue, view=[-5.

L



10‘_

-10-

-11.3.9

We choose a value for a and plot the given trigonometric parametrization.
> a = 3;

_ a:=3

"> plot( [a*sin(t), a*tan (£)y* (1+sin(t) ), t=-3*%Pi/2..Pi/2],
g color=magenta, discont=true, view=[-5..5, -10..10],

i labels=[x,y] )’
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[ We plot our derived polynomial equation that defines the variety.
[ > plots[implicitplot] ( (a-x)*y*2 = x"*2*(a+x), x=-5..5, y=-10..10,

grid=[100,100], view=[-5..5, -10..10] );
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[ We plot our derived algebraic parametrization.

[ > plot( [a*(t*2-1)/(t*2+1), a*t*(t"2-1) LB 2¥1) ;

=-5..51,
color=blue, view=[-5..5, -10..10], labels=[x,yl ) ;
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| MATH 800 Assignment 1
~ (due May 24, 2006, 9:30)
| > restart;

-1.3.16
F> xc = ( (1-t)*2%x[1]+2*%t* (1-t)*w*x[2]1+E72*x[3] )/ (
i (1-t) A242%£* (1-t) *w+t"2 ) ;
| ye 1= ( (1-t) 2%y [1]+2%t* (1-t) *wry[2]+t72%y[3] )/ (

(1-t) *2+42%t* (1-t) *w+t*2 ) ;

(1 71}3.\'1 F 211 ﬁf)n‘x:+12.\'3

xe =

(1—tV+20(1 =yw+ 7

{] = 1)2_1', +21(1 ~1)w +I:,1'3
yo=

(1=1F+2il=8w+

= a)

/

’_ Show that the denominator (1 —t )2 +2t(1-t)w+ ¢ never vanishes.

I Suppose that (1 —r)2+2r(1 —t)w+t2=0.
Now 0 < (1 —1)* with equality iff 7 = 1, and 0 < 7 with equality iff = 0,50 0 < (1 — ¢)* + £.
Then2¢ (1 —¢)w <0. This implies 2 # (1 — ¢) < 0 by the assumption 0 < w.
The solutions to thisare f <O or 1 <#. But we are also giventhat 0 <fand r< 1.

/ _ Therefore there are no values suchthat(l—t)2+2t(1—t)w+t2:0.
. We can verify these calculations in Maple as follows.
> solve( {denom(xc) = 0, w >= 0}, {t,w} );
1-2t42¢ [-2:+27
{ W= 1 < 0}, {w=—————— 1 21}
L 2t (-1+0) 2t(-1+0n
!—T_!b)

> subs( t=0, [xc, yc] ):
subs( t=1, [xc, yec] );

[x;w}"]]

[-“3- ! 1 /

| Soxy, y,, X, y, give the coordinates of the start and end points of the curve.
g V12 *3: V3

= factor( subs( t=0, diff( [xc, yvcl, £ ) )} });
= factor( subs( t=1, diff( [xc, vcl, t ) ) J);

| = | = A0 E Xy =4 wis R

\%
4«
oo

[

VI = =2 wi=x % )2 W =0 + 35 )]



[x'(0),¥(0)]=2w([xy, ] =[x, 3, 1)and [x'(1),y'(1)]=2w( [x3,y3] — [x3, ¥,1). That
is, the tangent vector at the start of the curve is 2 w times the vector from [x;, y,]to [x,, », ],
and the tangent vector at the end of the curve is 2 w times the vector from [x,, y,] to [x3, ;].
To show that [x,, y,] is the intersection of the tangent lines at the start and end of the curve,
we construct these tangent lines and compute their intersection (where they equal each other).
> TO := [x[1], yI[1]]4x*vO;

Tl = [x[3], y[3]]+s*vl;

solve( {op( expand(T0-T1) }}, {xr,s} ):

expand( subs( %, [TO, T1] ) ):

= P, By 1 E =2 w8 X )2 W =¥+ b )]
T =[xy +s[2w(-x3+x 02w (—n+03)]
1 ]

|
‘ {r= Ly =—
i 2w 2w

b
f

| [ {.‘(3. ¥y Id Xoy 3 11
[ [x 3,15 [x}:-;? [x, ;] are called the control points of the curve because they define the

~ start and end-points and directiefis of the curve.
- v

= d)

!

" The control polygon in the tr‘i?géwith vertices [x, ¥, ], [%5, ¥, ], [%3, y3]. Becauseitisa
| triangle, it is a convex set.

[ > map2( coeff, xc, [x[1]1, x[2]1, xI[31] );

factoxr( add( c, ¢c=% ) );

[ (s 1Y 20(1=0)w r }

L= 211 =Dw+ i (1=t 421 (1=Dwarf (1=tY+21(1 =) w+F

] 1V’

- We compute the coefficients of [x;, ,1, [X5, ¥; 1, [%3, ¥;1 in [x(£), y(¢)] (these are the same as
the coefficients of x,, x,, x; in x(¢). Since these coeffients are all between 0 and 1 and they
sum to 1, it follows that [ x(¢), y(¢)] is within the convex set containing

%, 31 [x5, ¥, 1 [x5, y3]. That is, every point of the curve lies in its control polygon.

~ The parameter w controls the length of the tangent vectors, i.e. the velocities, at the start and
end of the curve. We will investigate w further in the final 2 parts of this exercise.

|

| 1 1
W luat (—J [—H
] eevauae|:x 2 ¥ ’

> subs( t=1/2, [xc, yel ):
| factor( % );




| B 1 | 1

! =gk i £ TR R WK 1
| 4 2 - 474 2077 47
‘ 1 W I w
2 AR

X, r"?u Xy + ¥ 1)) +2n 1311‘3_!
! 1
i+ ]

[ > map( collect, %, {(x[21, vI[21} )=
WX, 1 X, +x; Wi \/1_1‘|+_1‘3—|

P
. 2 L4 "y

+
L I +w ”E»Jrh e 2:7%-1';
% [xpyl] [x3:}’3]

_ e
' 1 1 2 2 w [x9, 1, ] )
| We can see that| x| — Lyl = | |= + as desired, but we can also

‘: 2 2 1+w 1+w

| verify this in Maple.

[ > expand( $ - (1/(1+w)*(1/2*[x[1], y{111+1/2*[x[3]1, yI[31]1) +
| w/ (W) *[x[2], yI[211) )i

L [0.0]

| 1) (1Y), . o [xp ] [x505]
We have shown that| x| — |, y| | | is a linear combination of + (the
| 2 2 e 2 2

i
midpoint of [x,, ¥,] and [x;, 3 1) and [x,, y,] whose coefficients (1 : and
w

e
1+w)aI

1 1
between 0 and 1 and sum to 1. This shows that [x(-z—), ‘{Eﬂ lies on the line segment

|| connecting [x,,y,] to the midpoint of [x, ;] and [x3, 3.

=D

| [ We define a little procedure to compute the distance squared between two points.
1 > dist2 := proc( P::list, Q:zlist )

1 return (Q[l] -p[11) "2+ (Q[2]1-P[2])"2;

' end:

1

a 1 1
We want to show that w is the ratio ‘5 where a and b are the distances from [x[‘z—], y['z—ﬂ to

‘; the midpoint of [x,, y,] and [x, y;]and to [(x,) - (»,)]. respectively. We use our distance
1

2
E
| v P

! 1 > dist2( subs( t=1/2, [xec, yel ), [x[11, y[111/2+[x[3], y[311/2
. y / dist2( subs( t=1/2, [xc, yel ), [x[2], y[211 )7

’ ' factor{( % )i

. a
squared procedure to compute ~ 2 and simplify the result.



[ §%]

[ > sgrt(%) assuming w >= 0;

-11.3.17
 We wish to parametrize the portion of the

. these tangent lines will meetat[1, 1].
"> (P1,P2,P3) := [1, 0],

[ > P4 := expand( P1/2+P3/2 );

;> L := expand{ t*P4+(1-t)*P2

(> PS5 := subs( %[2], L

the blue segment.

Cj/

jtcircle x* + ) = 1 in the first quadrant. Since this
arc of the circle starts at [ 1, 0] with a vertical tangent and ends at [0, 1] with a horizontal tangent,

erefore(xl,yl,xz,yz,x3,y3)x(1,0,l_,_IJO,l). Y
ile 1],

PLP2.PI=T1L0LIL1L]G 1]

* The final parameter w depends on the distances defined by the midpoint of [x, y1]1and [x5, 3,1,
[x,, »,], and the point where the segment between these two intersects the curve. We compute the

| midpoint, the line segment, and the point where it intersects the arc of the circle.

1
P4 ::[

solve{ subs( {x=L[1], yv=L[2]}, x"2+y*2-1),

[o,

W u//

1];

2], -

22
)i Z
{€} );
/ [ ]
1=[1——,1——J
2 T
V21 r=2-427  pef<
[ﬁ 2 |
A
L".'.'

a
Since a, b, w are all non-negative we can take the square root to show that _b_ =W

i ] ] i 1 | .
X, tTWX, + X P T W
] 1 4 2 -4 i 1 4 2 - 4
I“X|+TI1~ Fif = Py Ry =
| 2 2 1 3 272 1
L -5 —
2 2 2 2
1 1 Y 1 1 1Y
:‘XE + T WX, + T.\\‘_ ;}-’, ‘5*: W Vs +;_1'; }
4 S Coud . 2
Xy + | ¥, — i
- 1 w - I ow
s o T — — l
2 2 z 2 ;

o2

.
Ué@ il

v

. We plot the arc of the circle (conventionally), the control points and control polygon, and the
points and segments that will define w. w will be the ratio of the lengths of the maroon segment to



"> C 1= plots[implicitplot]( x~2+y*2-1, x=0..1, y=0..1, color=red,
scaling=constrained ):
T := plot( [[1, &, t=0..1], [t, 1, t=0..11, [t, 1-t, t=0..1]],
x=0..1, y=0..1, color=green, scaling=constrained ):
L := plot( [[op(L), t=0..2-sqrt(2)], [op(L), t=2-sqrt(2)..111,
%=0..1, y=0..1, color=[blue,magenta], scaling=constrained ):
P := plots[pointplot] ( [P1, P2, P3, P4, P5], color=black,
scaling=constrained ):
plots[displayl{( P, L, C, T };

i+ —— -
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| We compute w.
\ > factor( sgrt( dist2( P4, P5 ) / dist2( P2, P5 ) ) );

2

2
V. 6ot
/:Q Cc'ﬁ)fl/:-'/l C:ﬂj .



J2 1
We see that w=——, or ——, as expected.
2" s
{ We input the values of x, ¥y, X;, ¥, X3, V3, W into [x(2), y(#)] to get the parametrization of the arc
| of the circle, and we plot the curve from this parametrization.
[> subs( {x[1]=1, y[1]=0, x[2]=1, y[2]=1, x[31=0, y[3]=1,
; w=1/sqrt(2)}, [xec, yecl );
‘ E (1n1)2+z(1—f)nﬁ f(l—t)ﬁ—i—[z
, L(i—f)l'i-l(§-l)\/5+ljl{1—[}2-1"!(1*!)'\[2--{-{2_,
(> plot( [op(%), t=0. .11, labels=[x,v], scaling=constrained ) ;
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" MATH 800 Assignment 1
| (due May 24, 2006, 9:30)

| > restart;

" We write a procedure to recursively compute the greatest common divisor of an arbitrary number of

_polynomials. This will be used in subsequent exercises.

| > GCD := proc() local £, g; p

if (nargs < 1) then return 0 fi; v ) .
s . - ; f i)

if (nargs = 1) then return args[1] £i; * ad ‘,j‘*d(“{?dl ]i 494[ ¢
return ged( args[1], GCD( args[2..-1] Y ) \/ 'jD male ot

L end: Chﬁﬂnfcat

=l
-11.5.8
—

)

> GCD( x*4+x"2+1, x~4-x*2-2%x-1, x*3-1 );

—

2 b
X 4+x+1
v

[=Ib)

> GCD( x"342*x"2-x-2, x"3-2*x"2-x+2, x"3-x*2-4*x+4 ) ;

v
I
L l_ x4 v
-11.5.9
| First we compute a generator of the ideal, which is a GCD of the given list of polynomials.
ir > h := GCD( x"3+x"2-4*%x~-4, x*3-x"2-4*x+4, xX*3-2*%x42-x%+2 ) ;
I =2 L

" Once we know that the given ideal is simply < 4 >, to test if a polynomial fis in this ideal we
simply need to check that  divides f. This can be done by performing the division algorithm

|_ f=gq h+ r and checking whether the remainder r is zero.

| > rem( x*2-4, h, x )

| 0

{ . v 2 .. s
| The remainder 1s zero, so f=x"—41is in the ideal.

v

-11.5.15

> £ = x*11-x"10+42%x 8-4*x T+3*x"5-3*x 4+x"3+3*x"2-x-1;

L

f=x
S
GCD(f, D(f))

| (a). To perform this polynomial division we use the division algorithm to compute the desired
| | quotient, and we check that the remainder is indeed zero.

10 8 7 5 43 2
2 -4 43 -3y 4y 43— -1

|
| We compute f,,,= (where D(f) denotes the derivative of f) as described by part




v~ v
|> flred] := quo( £, GCD( £, diff(f,x) ), x, 'x’ TR

Fagh® rxr-x-1 v
1 L 0

[=11.5.17

| First we compute the GCD of the given polynomials, # = GCD(f,, /). Note that V(%) = V(f}, /5)-
> h := GCD( x*5-2*x"442%x"2-x, KAB-x N 4-2*x*3+2%x 24x~1 ) ;

| Byt -2 +2x— 1
[ Now [(V(h))=<h,,>. So {h,,}isabasis for I(V(f;,f,)). We compute £,
"> h[red] := quo( h, GCD( h, diff(h,x) ), x, 'r' }; r;

I ©=1

0

| {x* =1} is abasis for this ideal. o
i" Scott Cowan
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