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{ MATH 800 Assignment 2
(due June 7, 2006, 9:30)

[ > res
[> X

=1
(

tart;

= [x,y,2]:

[=]2.3.

3

mplementation of the Division Algorithm

We program the multivariate division algorithm. Our procedure takes as input a polynomial f
to divide, an ordered s-tuple [f(1), ..., f(s)] to divide by, a variable ordering X, and a
procedure LT(g, X) that computes the leading term of a polynomial g with respect to a certain

1 mnnomtal order. The output from our procedure is 4, ..., a,, r satisfying the conditions given

in the civision algorithm. The procedure uses a global procedure monom_divis that tests

: 5 e : y .. :
whether one monomisl torm i divigihie by another monomin! lerm Hihe ontional noemeder

s giv

iy

. . fey - R , .
Nge A . fwgess ® et ook e aaNiAg 4 gL RETE 4 AR T AT G e s T L e L TR S Pt T e TTAL S L BT
DGRD T ivEE ©Ta, WIC PTOCSGATC Wi PTI OUE 155 TSI OCQioe Clicuinions,

"> DIVIDE := proc( £, fL::1list, X::1ist, LT::procedure )

local s, a, r, p, t, i, verb;

~——————glebalmonom divisi— mmT’AMIé%CAW?V RuT OKAY -

i

L
| [

verb := false;
if (nargs > 4) then for t in args[5..-1] do
if (op(l,t) = verbose) then verb := op(2,t) f£fi;

od f£i;

s := nops (fL) ; U//
for i from 1 to s do a[i] := 0 od; 7
(p,x) = (£,0); <5
while (p <> 0) do v

if (verb) then print('p' = p) £fi;
i::=1; 'b///
while (i <= s) and not(monom divis( LT (p, X), LT (£L[i] ,X),
X)) do i := i+l od; T
if (i > s) then ' Save Tieoe .
(p,r) := (p-LT(p,X),r+LT(p,X)); Vv
if (verb) then print('x' = r) f£i;
else
t := LT(p,X)/LT(£fL[i] ,X);
(p,alil) = (p-expand(t*£L[il),alil+t) ;v
if (verb) then print( al[ |lil]l ] = al[i]) £i;
£i;
od;
return (seq(a[i], i=l..s),r); [seq (alid, E:(.‘S)] ¥ better,
end:
We write a procedure to compute leading terms with respect to lexicographic order.



> LTlex := proc( £, X::1list ) local ¢, m;
c = lcoeff( £, X, 'm' );
return c*m; v
, end:
| We write a procedure to compute leading terms with respect to graded lexicographic order.
, > LTgrlex := proc( £, X::1list ) local d, g, t;
‘ if not(type( £, "+ )) then return £ £fi;
: d := max( seq( degree(t), t=£f ) );
| g := add( "if’ ( degree(t) =d, t, 0 ), t=f );
return LTlex(g,X); v
end:
We write a procedure to compute the multidegree of a polynomial fin variables X. The

B e Tl et

input a procedure to compute leading terms. :
. > multideqg := proc( £, X::list, LT::procedure )
if type( £, "'+ ) then return multideg( LT(f,X), X, LT )
» 2 18
‘ return map2( degree, £, X ); /
end:
| 'We write a procedure to test if one monomial term m, is divisible by another monomial term
m, in variables X. Note that the property of divisibility is independent of the monomial
. ordering chosen.
! > monom divis := proc( ml, m2, X::list )
local a, i;
. global multideg;
if type( ml, "+ ) or type( m2, "+ ) then error "inputs
r should be monomials" f£i;

a := multideg( ml, X ) - multideg( m2, X );
- for 4 in a do if (i < 0) then return fa\%od;

return true;
end:

‘3.1

. For the first part we enter f'to divide and the divisors f;, £, from Exercise 1.
[ > £ 1= x"T*y*2+x*3*y*2-y+1;
| (£1,£2) := (x*y*2-x,x-y*3);
f:=x7y2+x3y2-y+ 1
: f]sﬂ ::xyz_x’x_y3
. We compute the remainder of f divided by L/1>/; ] using the grlex order, first with Maple's
* remainder procedure in the Groebner package, then using our own implementation of the

division algorithm. We then check that f=«, f,

.+ - J, + ¢ from our procedure, and that our

multidegree is dependent on the monomial ordering chosen, so as in the division algorithm we



> r := Groebner [NormalForm]} ( £, [£f1,£2], grlex(op(X)) );
r_:=x7+x3-—y+1
> (al,a2,r) := DIVIDE( £, [£f1,£f2], X, LTgrlex );
f - (expand(al*fl)+expand(a2*f2)+r), r -r;
al,a2,r=x"+3,0,x +x° =y +1 ‘/
| 0,0
[] We repeat for the remainder of f divided by [, f,] using the lex order.
1> r_ := Groebner[NormalForm] ( £, [£1,£2], plex(op(X)) );
jr"_:=-—y+1+2y3 o
> (al,a2,r) := DIVIDE( £, [f1l,f2], X, LTlex );
f - (expand(al*fl)+expand(a2*%£f2)+r), r -r;
al,a2,r=x+xy+x Y+t + X y+ 2y + 20 +2xy 422+ 2,
x6+x5_v+x4+x3y+2.x2+2:cy+2,-y+1+2y3 /
0,0
We repeat for the remainder of f divided by [ £, f; ] using the grlex order.
> r := Groebner [NormalForm] ( £, [£f2,f1l], grlex(op(X)) ):

==

ro=x 4+ —p+l el
> (a2,al,r) := DIVIDE( £, [f2,£f1l], X, LTgrlex ):
\ f - (expand(al*fl)+expand(a2*f2)+r), r -r;

a2,al,r =05+, 5 +X -y+1 L~
- 0,0

| We repeat for the remainder of £ divided by [ f;, f; ] using the lex order.
1> r_ := Groebner[NormalForm] ( £, [£2,£f1], plex(op(X)) );
| f :=—y+1+yZ3+y11
1> (a2,al,r) := DIVIDE( £, [f2,fl1l], X, LTlex );
f - (expand(al*fl)+expand(a2*£f2)+r), r -r;
a2,al,r:= L ' - i
SRy 2P e M e ey T x50 458 0, 1 v
0,0
In all cases, the results match what we computed by hand. The remainder is dependent on
| both the monomial ordering and the order of the divisors.

[| For the first part we enter f'to divide and the divisors f,, f,, f; from Exercise 2.
> £ 1= x*y 2%z 24x*y-y*z;
(f1,£f2,£3) := (x-y"2,y-2"3,2"2-1);
f=xy' 2 +xy-yz

I, 2.3 :=x—y2,y—2'3,z2 -1




| We compute the remainder of £ divided by [f1, /5, f3] using the grlex order, first with Maple's
remainder procedure in the Groebner package, then using our own implementation of the
division algorithm. We then check that f=a, f; + a, f, + a; f; + r from our procedure, and that
| our remainder is the same as the one Maple computed. We then repeat using the lex order.
_>J}_ t= Groebner [NormalForm] ( £, [£f1,£f2,£3], grlex(op(X)) );
{(al,aZ,a3,r) s= DIVIDE( £, [fl,£2,f3], X, LTgrlex );
f - (expand(al*fl)+expand(a2*f2)+expand(a3*£3)+r), r -r;
/-r_ := Groebner [NormalForm] ( £, [£f1,£2,£3], plex(op(X)) );
J,(al,aZ,aB,r) s= DIVIDE( £, [£fl1,£2,£f3], X, LTlex });
f - (expand(al*fl)+expand(a2#%f2)+expand(a3*£f3)+r), r -r;

Fo=xy—yz+x
aLaZairFLﬁz{Qx{xy—yz+fu/
0,0
r_o=z "

al, a2, a3,r:=y222+y,y322+y225+y2+yzs+yz3+z” +26—z,

212+zm+28+z7+26+zs+z4+z3+z—£)‘-/

1 0,0

| We repeat for the remainder of f divided by [f3» 5, f1 ] using the grlex order, then the lex order.
| > r := Groebner [NormalForm] ( £, [£f2,£3,£f1l], grlex(op(X)) ):
(a2,a3,al,r) := DIVIDE( £, [£f2,£3,£1], X, LTgrlex );:

f - (expand(al*fl)+expand(a2#*f2)+expand(a3*£f3)+r), r -r;

r := Groebner [NormalForm] ( £, [£2,£3,£f1l], plex(op(X)) ):;
{(a2;a3,al,r) := DIVIDE( £, "[£2,f3,£1], X, LTlex });

f - (expand(al*fl)+expand(a2*f2)+expand(a3*f3)+r), r -r;

i :=xy—yz+x2

al.a3 nl.r :=0,xy2, —An:,xy—yz+x2

0,0
r =z
a2, a3, al,r:=
XY AXr tx+yzry it - xl vxl v x P v xz x4 42 vz 241,z
0,0

| We repeat for the remainder of f divided by [f;, f;, f,] using the grlex order, then the lex order.
> r := Groebner [NormalForm] ( £, [£3,f1,£2], grlex(op(X)) ):
(a3,al,a2,r) := DIVIDE( £, [£3,f£f1,£2], X, LTgrlex );
f - (expand(al*fl)+expand(a2*f2)+expand(a3*£f3)+r), r -r;
r := Groebner [NormalForm] ( £, [£3,£f1,£2], plex(op(X)) }:
(a3,al,a2,r) := DIVIDE( £, [£f3,f1l,f2], X, LTlex );
f - (expand(al#*fl)+expand(a2*f2)+expand(a3*f3)+r), r -r;

2
r =xy-yz+x



i a3,a],an?,r:=xy2,—x,0,xy—yz+x2
0,0
f e
; a3,al, a2, r:=

x4y ze Pz ey P ayz iyt y+ iy vz 4 vz e+ 1,2

L 0,0
i In this example, the remainders were independent of the order of the divisors, but still /
_ . dependent on the monomial ordering.

. We enter fand the divisors £}, f,. We will use grlex order throughout this exercise.
> £ = x*3-x"2%y-x"2*%z+x;
(£1,£2) := (x*2*%y-z,x*y-1);

f:?x3—x2y—x2z+x
f1,12 :=x2y—z,xy—1
=) a)

.| _ We compute the remainders of f on division by [£,, f,] and [£;, £, ]-
.| > rl := DIVIDE( £, [f1,£f2], X, LTgrlex, verbose=true )[-1];

3 2 2
P=X —Xy-Xz+Xx

| r=x ./ |

5
; ; p=-Xy-xXz+x

aflj=-1 v~
i | p=—x‘z+x—2z

| I r=x-x"z v~
?i pP=X~z

3 2
F=Xx —x z+X

p=-z
2
i F=x —xXz4x—2
rl=x-x*z4+x-2z Vv~

"> r2 := DIVIDE( £, [£2,£1], X, LTgrlex, verbose=true ) [-1];

32 2
P=X =Xy-xz+x

w r=x v’
: p=-xXy-x'z+x
: afl] =—x v

2
p=-—Xxz



-\ b)

- Wh

as two additional terms. Inthe

division al gsrzt:?,m we compute different terms i .::ki to the

en dividing by [/,

7,1 we are then left with two additional terms in p that aren't

l‘,J

dividing by {£5. /; |-

r := rl-»r2;

there when

>
fl+expand (—x*£2) ;
r=x-z L
xX—z
r=r, —r, is in the ideal generated by {f,, /; }, since r =7, + (%) /5
=G v v
The remainder of # on division by [ 7, ;1 is r itself, because no term in » is divisible by LT(7;)
. or LT(f, } (that is the condition satisfied by remtainders r, and r,). \/
> DIVIDE( r, [f1,£2], X, LTgrlex )[-1];
X—z
B d}
> g := expand(-y*£1)+expand ( (x*y+1)*£2) ;
DIVIDE( g, [£1,M, X, LTgrlex )[-1];
2 |
yz-1 w
g={-¥)f; +(xy + 1)/, is ancther polynomial in the ideal generated by {7}, f; } whose
mainder on division by 11, /] is noozero. In fact, the remainder is g itself.
oblem for the

'/

not be in the 1deal.

o -
oG LGV ART




H MATH 800 Assignment 2
(due June 7, 2006, 9:30)
[ This worksheet uses the division algorithm components from the Section 2.3 worksheet.

=12.6.2

| Divide x y by the Groebner basis (for lex order) {x + z, x —z} in both possible orders of the
| divisors.

> (£1,£2) := (x+z,y-Z):

L2 =x+z,y—%
> DIVIDE( x*y, [f1,£f2], X, LTlex );

L Y, =%, _ZZ
| > DIVIDE( x*y, [£2,f1l], X, LTIEf? )Y; /
X, 2, -2
The remainders are the same (as they must be), but the quotients are different. Hence uniqueness
| || of the remainder is the best we can hope for, even when dividing by a Groebner basis.
=]2.6.9
| We begin by programming a procedure to calculate S-polynomials. This procedure computes
S(f; g) with respect to the monomial order defined by the variable ordering X, and the
| leading-term procedure LT(g, X). If the optional parameter fractionfree = true is given then the
resulting S-polynomial will be scaled so that none of its coefficients are fractions. &% =
> 8 poly := proc( £, g, X::list, LT ) local 1tf, 1ltg, a, b, ¢,
lem, i, fractfree;
fractfree := false; i‘[’ _hﬁSaﬂ}W\( Cﬁf33[§_~-*(] ]/ —Frad.‘m‘v&’ Md'ﬁ’ﬁﬂ) Al
if (nargs > 4) then for c¢ in args[5..-1] do
if (op(l,c) = fractionfree) then fractfree := op(2,c) £fi;
od fi;
(1tf,1ltg) := (LT(f,X),LT(g,X));
(a,b) := multideg( 1ltf, X ),multideg( 1ltg, X ); /
lem := mul{ X[i] "“max(alil,b[il), i=1..nops(a) );
if (fractfree) then ,
¢ := ilem( lcoeff( 1tf, X ), lcoeff( 1ltg, X ) );
lcm := c*lcm;
£i;
return expand(lcm/ltf*f) -expand(lcm/ltg*g);
end:

] Now we will determine whether the following sets G are Groebner bases for the ideals they
generate, by testing whether the remainders of the S-polynomials S(g;, g;), on division by G, are
| all zero. If this is the case, then by Theorem 6 G is a Groebner basis.

.




> G := [x"2-y,x"3-2];
for i from 1 to nops(G) do for j from i+l to nops(G) do
S := S poly( Gl[il, GIjl, X, LTgrlex );
Sg := DIVIDE( S, G, X, LTgrlex ) [-1];
print (S, Sg):
od od;

G:=[x2-~y,x3—z] /
i

o e - R o

| The remainder of the S-polynomial is not zero, so G is not a Groebner basis with respect to
| grlex order.

b)
1> G := [x"2-y,x"3-2];

for i from 1 to nops(G) do for j from i+l to nops(G) do
S := 8 poly( GIil, GI[jl, X, LTlex );
Sg := DIVIDE( S, G, X, LTlex ) [-1];:
print (S, Sg):

od od;

G=[x-y,x -z]
—Xy+z,—Xy+z l/

The remainder of the S-polynomial is not zero, so G is not a Groebner basis with respect to

|| lex order.

- c)

1> G := [x*y " 2-x*z+y,x*y-2"2,x-y*z"4];

for i from 1 to nops(G) do for j from i+l to nops(G) do
S := 8 poly( G[i], G[j], X, LTlex );
Sg := DIVIDE( 8, G, X, LTlex ) [-11:;
print (8, 8g);
od od;
G:= [xy2 -Xz +y,xy—zz,x—yz4]
XzZ+y+y L, y+yL -y
—xz+y+y3 z4,y—i-y32‘g'—yz5
Z+7 yz, -+ y2 V‘/
The remainders of the S-polynomials are not all zero, so G is not a Groebner basis with

| respect to lex order.

Scott Cowan
200034814
scottc@sfu.ca

>
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"> DIVIDE( x*y,

2606 a‘.:."‘r:}

.

sion algoriinm cor

b ! S

v by the Groebner basis {lorler o 21 both possible orders ot ie
divisers.
> (£1,£2) := (x+z,y-z);

FL 2 a4y~
[f1,£2], X, LTlex );

2
: Vi =2

> DIVIDE( x*y, [£2,£f1], X, LTlex );
2
X, 2,2

T 1, T, W B v T Bl sy pevenet sl e Fhva cnndiente nre i araas S .

- I he remainders are ihe samie {20 they must be b, Dud 108 JUOUSHIS are gitiereni. Hence vnigusnes:

3 7 b 1 ; ]
f the remainder i3 the best vwe can hope for, even when dividing by a Geocbuer basts,

\i I 25dC

A pBFn F
- T ; e _—
Y £ 1€ itES “‘!U».,Vt..n.i“: CORMMUCS
‘ z Y CETiny } e

» 8 _poly := proc( £, g, ::1ist, LT ) local 1ltf, ltg, a, b, c,
lem, i, fractfree;
fractfree := false;
if (nargs > 4) then for c in args[s..~1] do
if (op(1l,c) = fractionfree) then fractfree := op(2,c) £fi;

od f£i; ‘ oy S
(1tf,1tg) := (LT(£,X),LT(g,X))’
(a,b) := multideg( ltf, X ) ,multideg( ltg, X )

lem := mul( X[il“max(a[i],b[i]l), i=1l..nops(a) );

if (fractfree) then
c := ilem( lcoeff( 1ltf, X ), lcoeff( ltg, X ) );

lem := c*lcm;

£i;
return expand (lecm/1tf*f)-expand(lcm/1ltg*g);

end:



> G := [x"2-y,x"3-z];
: for i from 1 to nops(G) do for j from i+l to nops (G) do
‘ s := §_poly( G[il, G[j], X, LTgrlex );

Sg := DIVIDE( S, G, X, LTgrlex ) [-1];

print (S, Sg):

od od;
i i [xz—y,x3—z]

| —~Xy+ZzZ,-Xy+Z
" The remainder of thie S-polynomial is uot zero, so G is pot @ Grocbaer basts wiih respect io

+ grlex order.

'Y —

B)
> G = [x*2-y,x"3-2];
" for i from 1 to nops(G) do for j from i+l to nops(G) do
S := S_poly( G[il, G[jl, X, LTlex )’
Sg := DIVIDE( S, G, X, LTlex ) [-11;
print (S, Sg);
od od;
G::[xzﬁy,x3—z]
. Xy+2zZ,~Xy+2Z
' The remainder of the S-polynomial is not zero, so G is not 2 Groebner basis with respect to
© lex order.
= o

> G = [x*y"2-x*z+y , x¥y-2z*2 , x-y*z*4] ;

. for i from 1 to nops(G) do for j from i+l to nops(G) do
S := S_poly( G[il, G[3j], X, LTlex ),
Sg := DIVIDE( S, G, X, LTlex )[-1];
print(sS, Sg); ; ~

od od; ‘

G= [xyz»—xz+y,xy—zg,xwyz4]
-—xz+y+yz2,y+y:»:2—yz5
—xz+y+y3,24,),;+J:3.z4—yz5

2,42 2 42
2tz y,Z+z Yy
-~ 1s

o P L] $ir s t ol rans any 2 60 mad C" af W T W .
The remainders of the S-polynonuas are NoL di Peis, s0 {7 is not g Groebhner basis wila

- respect to iex order.
S"\:Qﬁ C”"‘"""?T‘!
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= Additional Problem 1

3 LT
LRI BLE

> MOnOrder grlex

i3
b
.3 Fodi
"‘Q 1o THOS OMATRS (YT ThHe fl 1J”'l€"l!"r.ﬂ l! f‘fﬁrﬁ??\ﬂ‘ \g‘v\-l \1"21’11‘!‘ T“"J’ T‘!
51150 eei uses the some Of the g1viIsiof ESAFEATRAREE LRARA HELR O EERCRR FR S B

definge procedures that vake in

lTn !—ga-s

'!'T ?2'!

two monomial verms m . m, and a variable ordering X, thai

bet 5 LI - R NN L TSR e ot O
Vi oEy L P R RRIO DIPROEG UR VRO 0 FITLD §

PUY CTRE BOY OFERCT, RSN

Tl fe T'i 3T

= proc( ml, m2, X::list ) local a, b, tda, tdb,

i; global multideg;

e

- > MonOrder grevlex
i; global multideg;

(a,b)

(tda, tdb)
if (tda < tdb) then return true;

elif (tda > tdb) then return false fi;

a :=b

=-a;

:= (multideg( ml, X ) multideg( m2, X ));

:= (add( i, i=a ),add( i, i=b ));

for i from 1 to nops(a) do
if (a[i] > 0) then return true;
elif (a[i] < 0) then return false fi;

od;

return false;

nd:

tdb,
(a,b) :=
(tda, tdb)

>

/

= proc( ml, m2, X::1list ) local a, b, tda,

(multideg( mi, X ) ,multideg( m2, X ));
:= (add( i, i=a ),add( i, i=b ));

if (tda < tdb) then return true;
elif (tda > tdb) then return false fi;
a := b-a;
for i from 1 to nops(a) do

if (a[-i] < 0) then return true;

elif (a[-i] > 0) then return false fz,

od;

return false;
end:

mon2var
mon3var

]

[seq( seq( x l*y 5 1), j=i..3 ), i=0..3)];

[seq( seq( seq( x rikyrykzt (k- j 1), k‘1+3 .3 ),

jzo'-B)! i=0. 3)]1

monZvar == 1, y, }‘2, J’3, X, Xy, xyz, xz, i ¥, JCJ]

2 3 2.2 2.3 2 : 2. .3 2 .2
mon3var =[1,2,2, 2, 7,V 2, Y2, ¥ 2Y YV X, X, X2, XY, Xy 2, Xy , X, x" 2, X y, x|



mA XV

> sort( mon2var, (m,n) -> MonOrder grlex( m, n, [=,v1 ) )
sort ( mon2var, (m,n) -> MonOrder grevlex( m, n, [x,¥y]1 ) )’

v Ly x Xy x 2 2, x4 Xy, %]
v’ {1y,1y xy,x y x5y, x]

pt
I'\‘

- 5.. e 55 10 diEEegiicc i oAV TS

tygsmy »ToitlorFyas : e
X ¥ 1 qrux_uﬂ.. ,....s_‘L-..ﬁ_

PWE validbc

: 0‘

. then the conditions ¢ <a{sox 1 <x ¥

WO Cart x.; {0 K LAt o0 TRO0o niat U'\js.“* \.(Jf‘“jdfi‘i.?lf fii Eiisli‘a -.‘fb COTTCL "W b(f !.]ﬁi:’ ii’im SAGK: Hbi
1;? 13‘&‘. et :t';g 1!1—4‘:’.'34.“ ¢
> sort( mon2var , (m, n) > Groebner [TestOrder] ( m, n, grlex (x,v) )
) . .

sort( mon2var, (m,n) -> Groebner [TestOrder] ( m, n, tdeg (x,v) )

) ;

it o ey Toanetpne

[1, y,x,yz XYy, xz,y3 xy2 xzy,x3] :
[1 ysxay Xy, x ;Jr xy X y,X]

by v i
> sort( mon3var, (m,n) -> MonOrder_grlex( m, n, X))
sort( mon3var, (m,n) -> MonOrder grevlex( m, n, X)) )
[1,2,9.%.2 2,sz/yz";5/x'§,x2 z, y7:2 zy2 y3 x 2, xyz xy2 X’ z, xzy,x3]
v 2 VS 3
- A 2, yz, xz,y xy,x z,yz xz zy xyzx zy xy X I ol
1 three variablas, the difference between griex and greviex order can he described as follows: for

(] €20 WL LACEY

¥ E) L | :
TITITOVETELNE b 7 e IOINE W 1he 37
INUOInINIS G i SIS pOE o ‘-&,Ln.\r L‘."""{ A BIL vi—u 'r_:bg Y Hﬂ hfr. INOst
3 . % e e
nase »‘J;}ﬂ the fened ~'g }H":ﬁ_.
7 ekl thsel pEsee vrie R T T e Bt b e v e yrrieel by wifvis 1 —
Freocarm oncok Ll i Al UTUaOCy COoLnpalansing i IOl G0 CONTRCL DY BT tho s aisl

using Maple's Groshner package monormal ordening FLngiions,
> sort( mon3var, (m,n) -> Groebner [TestOrcler} ( m, n, grlex(op (X))

) )
sort( mon3var, (m,n) -> Groebner [TestOrder] ( m, n, tdeg(op (X))

) s
[ 1 zy,xz yzy xzxy,xzz,yz zy y xz xyzxy xzzxy,x]

>z yz xz zy xyz,xzy xy xy,x]

Fa0ikE nGnoEis Ul the sanwe wolad QCUIUC. HoVIcA
3 =5

Y

> mon3var3deg seqg( x*i*y”" 3*2 (3-j-i), 3=0..3-1i y, i=0..3
)1:

sort ( mon3var3deg, (m,n) -> Groebner [TestOrder] ( m, n,
tdeg (op(X)) ) )



" > MonOrder_grlex := proc( ml,

> MonOrder_grevlex :=

oA FaeZ e

. o
ante Troam The =

T - . o~
iy ohioaat noeg TR T ATTIES T Tho g LT
Fi ‘.‘i.x.'.i.%:‘l".‘b{ b}-ﬁbs Laiiv Eki;Ji'u {}:. (R L LL}‘I 18105 Qusiis

P e D I | = H
Yot rey pyrder o s FOVEEST U

o By the varishis ordening.

m2, X::list ) local a,

i; global multideg;
(a,b) := (multideg( ml, X ) ,multideg( m2, X ));:

(tda,tdb) := (add( i, i=a ),add( i, i=b ))’
if (tda < tdb) then return true;
elif (tda > tdb) then return false fi;
a := b-a;
for i from 1 to nops (a) do
if (afi] > 0) then return true;
elif (a[i] < 0) then return false fi;

od;
return false;

end: ‘ ,
= proc( ml, m2, X::1list ) local
tdb, i; global multideg;
' (a,b) := (multideg( ml, X ) ,multideg( m2, X ));
(tda,tdb) := (add{ i, i=a ),add( i, i=b ));
if (tda < tdb) then return true;
elif (tda > tdb) then return false fi;
a := b-a;
for i from 1 to nops(a) do
if (a[-i] < 0) then return true;
elif (a[-i] > 0) then return false fi;

od; .
return false;

svesdany arelasy, Ve 1iR L 1T
P He Dy riatan agaatd B3

seq( x*i*y”(

.
Lot

i P =15 PR o i
JEER TR FE A S

>_mon2var = [seq(
mon3var := [seq( seq
=0..:3 }, i=0..3 )1;
rnon2var::[l,y,yajﬁ,xyxy,xJﬁaxalzJ%xg]

2 3
mon3var =[1,2,2°,2°, ¥,

[Rata sl s eTTITONT < engeT
Orinn C4E OISNTE 1T s sl

m, and a variable ordering A. that

| e PR ] a3 Ty P
DFEIeT, PERIRCIIVEE Y .

R Y,

b, tda, tdb,

a, b, tda,

j-i), 3=i..3 ), i=0..3 )1’
( seq( xri*y*j*zA(k-j-i), k=i+j..3 ),

y 4. 0.3 e - W YO YIS
yayzduzy,y,nx;xz,xyxy;xy,x,xZJ:%x]



sort ( mon3var3deg, (m,n) —-> Groebner[TestOrder]( n, m,

plex(z,y,x) ) )/
[23,y22,x22,zy2,xy2,x2 25})3!xy25x2}13 x3]

3 2 212 2 3 5 B 3
[z,y2',x2,2Y Xy Z,X AR 3y < ¥y, x ]



