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[ MATH 800 Assignment 3
(due June 21, 2006, 9:30)
[> restart;

X = [x,y,z]:

=/ Implementation of the Division Algorithm

We program the multivariate division algorithm. Qur procedure takes as input a polynomial fto
divide, an ordered s-tuple [£,, ..., £] to divide by, a variable ordering X, and a procedure LT(g, X)
that computes the leading term of a polynomial g with respect to a certain monomial order. The
output from our procedure is [[a},....a] 7] satisfying the conditions given in the division
algorithm. The procedure uses a global procedure monom_divis that tests whether one monomial
term is divisible by another monomial term. If the optional parameter verbose — frue is given, the
procedure will print out its intermediate calculations.
[ > DIVIDE := proc( £f, fL::1ist, X: :list, LT: :procedure )
local s, a, r, p, t, i, verb:
global monom divis;
verb := false:;
if (nargs > 4) then for £ in args[5..-1] do
if (op(l,t) = verbose) then verb := op(2,t) fi;
od fi;
S := nops(£fL);
for i from 1 to s do afi] := 0 od;
(p,xr) := (£,0);
while (p <> 0) do
if (verb) then print('p' = p) fi;
i = 1;
while (i <= s) and not(monom_divis( LT(p,X), LT(fL[i] ,X), X
)) do i := i+1 od;
if (i > s) then
(P,x) := (p-LT(p,Xx) (T+LT(p,X)) ;
if (verb) then Print('r' = r) f£i;

else
t := LT(p,X) /LT (£fL[i],X) ;
(P,alil) := (p-expand(t*fL[i]),a[i]+t);
if (verb) then print(Ta[ | |i]] ]" = af[i]) fi;
fi;
od;
return [[seq(a[i], i=1l..s8)1,r];

end:
We write a procedure to compute the multidegree of a polynomial f'in variables X, The
multidegree is dependent on the monomial ordering chosen, so as in the division algorithm we
| input a procedure to compute leading terms.

.

brvne. 7.



> multideg := Proc( £, X::list, LT: :procedure )

if type( £, “+° ) then return multideg ( LT(f,X), x, LT ) £i;
return map?2 ( degree, £, X );
end:

[ We write a procedure to test if one monomial term m,

variables X. Note that the property of divisibility is in

> monom_divis

local a, i;

global multidegq;

if type( mi, ‘+° ) or type( m2,
should be monomials" £fi;

4 = multideg( ml, X ) - multideg( m2, x );

for i in a do if (1 < 0) then return false fi od;
return true; ‘

end:

is divisible by another monomial term m, in

dependent of the monomial ordering chosen.
‘= proc( ml, m2, X::1list )

"+ ) then error "inputs

[ We write a procedure to compute leading terms with respect to lexicographic order.
> LTlex := proc( £, X::1ist ) local c, m;
c := lcoeff( £, X, 'm' );
return c*m;
end:

[ We write a procedure to compute leading terms with respect to graded lexicographic order.
> LTgrlex := proc( £, X::1list ) loecal d;, g, t;
if not (type( £, "+ )) then return £ £i;
d := max( seq( degree(t), t=f ) );
g := add( 'if" ( degree(t)
return LTlex(qg,X) ;
end:

=d, t, 0), t=Ff );

5 Implementation of Buchberger's algorithm

We begin by programming a procedure to calculate S
S(f, g) with respect to the monomial order defined b

leading-term procedure LT(g, X). If the optional parameter fractionfree = true is given then the
resulting S-polynomial will be scaled so that none of its coefficients are fractions.
[ > S poly := proc( £, g, X::1list, LT )
local 1tf, ltg, a, b,
fractfree := false;

if (nargs > 4) then for ¢ in args[5..-1] do

if (op(1l,e) = fractionfree) then fractfree := op(2,c) fi;
od fi;
(1tf,1tg) := (LT(f,X),LT(g,X));
(a,b) := multideg ( LEf. X ),multideg( i1tg, X
lem := mul( X[il“max(a[i],b[i]),
if (fractfree) then

-polynomials. This procedure computes
y the variable ordering X, and the

c, lam, i, fractfree;

i=l. .nops(a) ) ;



c = iloem( lcoeff ( 1tf, X ), lcoeff( ltg, X ) );

lcm := c*lcm;
£i;
return expand(lcm/ltf*f)—expand(lcm/ltg*g);

end:
[ We program Buchberger's algorithm as given in lecture and in the textbook. Our procedure takes
as input a list of generators [f, ..., J,] for an ideal, a variable ordering X, and a procedure LT(g, X)
that computes leading terms with respect to a certain monomial order. It outputs a Groebner basis
[&}5 ---» & ] for the ideal. This Groebner basis will contain no new duplicate polynomials and will
preserve the order of the original polynomials. The procedure uses global procedures S poly for
computing S-polynomials and DIVIDE to perform the multivariate division algorithm. The
optional parameters verbose and fractionfree can be specified true or false to determine if
| intermediate calculations will be shown and if S-polynomials will be scaled to be fraction free.
> Buchberger := proc( F::list, X::lisﬁ, LT: :procedure )
local G, G set, £, g, 8, r, i, 3, k, verb, fractfree;
global DIVIDE, S_poly;
(verb, fractfree) := (false,false) ;
if (nargs > 3) then for r in args[4..-1] do
if (op(l,r) = verbose) then verb := op(2,rx);

elif (op(l,r) = fractionfree) then fractfree := op(2,xr)
fi;
od fi;
(G,G_set) := (F,{op(F)});
j :=1;
while (j <= nops(G)) do
g := G[3jl;
k := nops(G);
i ;= 1;
while (i < j) do
£ := G[i];
S := 8 poly( £, g, X, LT, fractionfree=fractfree ) ;
r := DIVIDE( S, G[1l..k], X, LT );
if (verb) then print('S'(f,g) = S, rem = r, '6' =k) fi;
r := r[-1];
if (r <> 0) and not (member( r, G_set )) then
(G,G_set) := ([op(G),r],G_set union {r}) fi;
i = i+l1;
od;
J = j+1;
od;
return G;
end:



[ We write a procedure to take any Groebner basis for an ideal with respect to a given monomial

order and transform it into the unique reduced Groebner basis for this ideal with respect to the
| monomial order.

| > GroebnerReduce := proc( GB::list, X::list, LT::procedure )
local G, rG, g, r, verb;
global DIVIDE;
verb := false;
if (nargs > 3) then for r in args[4..-1] do
if (op(l,r) = verbose) then verb := op(2,r) £i;

od fi;
(xrG,6) := ([1,GB);
while (G <> []) do
(g,6) := (G[1],G[2..-1]);
r := DIVIDE( g, [op(xG),op(G)], X, LT );
if (verb) then print('g' =g, rem = r, 'G' =

nops (xG) +nops (G) ) £i;
r = r[-1];

if (r <> 0) then rG := [op(xG),r/lcoeff ( LT{x,X), X )] £i;
od;
return xG;
end:

=] Calculations for 2.7.2 & 2.7.3

= a)
[ Input the generators for the ideal.
[ > F = [x*2*%y-1, x*y*2-x];

i F=[xy-1x)"—x]
[ Compute a Groebner basis w.r.t. lex order.
' > G := Buchberger( F, X, LTlex, verbose=true );

S(x*y-1,x)" —x) =y +x, rem=[[0,0], -y +x°], G=2
S y-1,—y+x*)=y"—1,rem=[[0,0,0],)* - 1], G=3
S(xy —x,~y+x*) =—x*+3°, rem=[[0,0,-11,5’ = y], G=3
S(x*y-1,5 —1)=—y+% rem=[[0,0,1,0,0],0], G=5
S(xy* -x,"—1)=0,rem=[[0,0,0,0,0],0], G=5
S(—y+x2,y2— l)=—~y3 +x2, rem=[[0,0,1,-9,01,0],G=5
S(x*y-1,’-y) == +x*y, rem=[[1,0,0,-1,0],0], G=5
S(xy* -x,3* —y)=0,rem=1[0,0,0,0,0],0], G=5
(v +x%,5 —y) == +x*y, rem=[[1,0,0,5%-1,0],0], G=5




S -1, —y) =0, rem—[[O 0,0,0,0],0], G=5

G=[x"y-1Lxy —x,y+x,)" -1,y - y]
{_ Reduce to the reduced Groebner basis w.r.t. lex order.
| > GroebnerReduce( G, X, LTlex );

- [—y+x2:y2_1]
[ Repeat for grlex order.
| > G := Buchberger( F, X, LTgrlex, verbose=true );

S(xzy—l,xyz-—x)=—y+x2,rem=[[0,0],—y+x2],G=2
S(x*y-1,v+x*)=3*—1,rem=[[0,0,0],)* - 1], G=3
S(xy* —x, v +x*) ==+, rem=[[0,0,-11,5° -], G=3
S(x**y-1,5"—1)=—+x% rem=[[0,0,1,0,0],0], G=5
S(xy*-x,3*-1)=0,rem=1[0,0,0,0,0],0], G=5
S(—y+x%, ¥ = 1) == +x% rem=[[0,0,1,-y,0],0], G=5
S(Fy-1,)—y)=="+xy, rem=[[1,0,0,-1,0],0], G=5
S(xy* -x,% —y)=0,rem=[[0,0,0,0,0],0], G=5
S(——y+x2,y3—y)=——y4+x2y,rem=[[1,0,0,—y2—1,0],0],G=5
SO’ - 1,5’ —y)=0,rem=[[0,0,0,0,0],0], G=5

G=[x"y-Lxy’ -x, v+, 5" - 1,5’ - y]
{> GroebnerReduce( G, X, LTgrlex );

[_y+xay "1]

=Ib)

[ Input the generators for the ideal.
[ > F := [x*2+y, x“‘4+2*x“2*y+y“2+3] 3

=[x+, 2t +22 y+y +3]
[ Compute a Groebner basis w.r.t. lex order.
> G := Buchberger( F, X, LTlex, verbose=true );

S(x2+y,x4+2x2y+y2+3)=—x2y—y2-—3,rem=[[—y,0],-3],G=2

2
S(x*+2x*y+y*+3, -3)=2x2y+y2+3,rem=H2y,o,3’;- 1},0],(;:3

“[x +y,x +2x%° y+y +3,-3]
[ Reduce to the reduced Groebner basis w.r.t. lex order.
{ > GroebnerReduce( G, X, LTlex );

[1]




[ Repeat for grlex order.
> G := Buchberger ( F, X, LTgrlex, verbose=true ) ;

S(x2+y,x4+2x2y+y2+3)=—x2y-—y2—3,rem-:[[—y,O], 3],G=2

S(x2+y, -3)=y, rem=HO, 0,—£J, OJ, G=3

| 3
| 7
S(x4+2x2y+y2+3,-3)=2x2y+y2+3,rem=ﬂ2y,0,'3—_—IJ,OJ,G=3
G:=[x2+y,x4+2x2y+y2+3,-3]
[ > GroebnerReduce( G, X, LTgrlex )
[1]

[ Input the generators for the ideal.
[ > F = [x-z%*4, y-z*5];

F= [x—z4,y—zs]
[ Compute a Groebner basis w.r.t. lex order,
> G := Buchberger( F, X, LTlex, verbose=true ) ;

S(x - 24,y -5y = -z +X2°, rem = [[Z, -4, 0,G=2

G:= [x——z4,y—25]
[ Reduce to the reduced Groebner basis w.r.t. lex order.
l [ > GroebnerReduce ( G, X, LTlex );

[ [x—z4,y—zs]
[ Repeat for grlex order.
> G = Buchberger ( F, X, LIgrlex, verbose=true ) ;
S(x—-z4,y—25)=—zx+y,rem=[[0,0],—zx+y],G=2
S(x—z4,—-zx+y):—-x2+z3y,rem:[[0,0,O],—x2+z3y],G=3
S(y—zs,—zx+y)=—yx+yz4,rem=[[—y, 0,0],0],G=3
S(x—z4,—x2+23y)=—yx+zx2,rem=:[[0, 0,-x,0],0],G=4
S(y—zs,—x2+z3y)=-—y2+22x2,rem=[[O,O,-—zx-—y,O],O],G:4
S(—zx-l—y,—x2+z3y)=—yzzz+x3,rem=[[0,0, 0,0],—y222+x3],G=4
S(x~—z4,—y222+x3)=——xy2+22x3,rem=[[O, 0,-—zx2—yx,0,0],0],G=5
S(y—zS,——y222+x3)=—y3+z3x3,rem=[[0,0,—zzx2—zxy—y2,O,O],O],G:S
S(—zx+y,—y222+x3)=—y3z+x4,rem=[[0,O,O,O,O],—y3z+x4],G=5
S(—x2+z3y,—y222+x3)=-—x2y+zx3,rem=[[0,0, —x2,0,0],0],G=5
S(x—z4,—-y3z+x4)=~—x5+zsy3,rem=[[-y3z,0, 0,0,0,—x],0],G=6
S(y—zs,—y3z+x4)=—x4y+26y3,rem=[[—-zzyz‘, 0,—~ysz,0,0,~y],0],G=6



S(zx+y, 5’ z+x) =2y + 2 )%, rem=[[0, 0, 0,0,-»,0],0],G=6
S(—x2 +zsy, —-y3z+x4) :~x6+z4y4, rem = [[—y4, 0, xy3, 0,0, —xz], 0,G=6
S(—* 2 +3°, -3’z +x4) =’ +y° 2, rem = [[0,0, x2y3,y4, 0, —x3], 0,G=6

G =[x -—24,y —2,—zx +y, —x* +23y, -7 2 +x°, -5’ z+x4]
[ > GroebnerReduce ( G, X, LTgrlex );
[x+2* zx -y, =’ +23y,y2 z —x3, ~y3z +x4]
Scott Cowan
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[ MATH 800 Assignment 3
(due June 21, 2006, 9:30)
[ > restart;

=12.8.5(a)

[ We want to find all critical points of the given function f(x, y). This amounts to solving the

7, 0
system {5; f=0,—f=0}. We enter the polynomial function fand compute its partial

oy
derivatives.
r> £ = (x*2+y~r2-~ 4{;é§“2+y“2 1)+ (x- 3/2)‘2+(y -3/2)+2;

F = map2( expand@diff, f [x,¥] ):
®

2 2
f:=(x2+y2—4)(x2+y2-I)+[x—§} +( —%J

F=[4x"+4x)"-8x-3, 4y +4y -8y-3]

0 0 ;
We compute a Groebner basis for the polynom1als % f 5 fw.r.t. lexicographic order. 1~

G = [8y3—8y—3,—y+x]
We take the first element &, in the Groebner basis, which is a polynomial in y alone, and solve

L & =0.
[ > y_sols := solve( G[1], {y} );

I
{ := Groebner[Basis] ( F, plex (x,y) ) ;

1
y_sols —{y=*} =y+"hLiy Y=y}

[ We get 3 real solutions. From the second polynomial in the Groebner basis we see that the
corresponding value of x in each case will be the same value as y. So the three solutions are as

follows.
r > seq( {x = subs( sel, y ), y = subs( sel, y )1}, sol=[y sols] );

-1 1 /13 1 413 1 413 1 )
}l//

W

|
{y="x= }{y—4+ i are e y ST =t

i These are the three critical points of the function f(x, y).
We can now verify this with Maple.

i > solve( F, {x,v} );

map( allvalues, [%] ):

-1 -1

{yz?xfz'},

, 1
{y=3Ro0tOK_Z*~_Z~3, label =_LI),x= S Ro0lOf(_Z* ~ 7 -3, label=_L1)}




|

=12.
Z

ez

=l ¢

[{y=?x=§},{y=;+ p ’x=Z+T}’{y=Z" 4 Ty

1 A 1 413 1 J13 1«/?3\1_@}]
4

8.11

=] a)

[ We enter the generators for the ideal 7 determined by the 3 given equations.
[> F := [a+b+c-3, a”2+b*2+c*2-5, a*3+b*3+c*3-7];
F=la+b+c-3,a"+b'+ -5+ + 3 - 7]
[ We compute a Groebner basis for this ideal.
> G = Groebner[Basis]( F, grlex(a,b,c) )z

[ G=[a+b+c-3,*+*+bhc—3h-3 ¢+2,3 -9+ 6c+2]
[ Now we need to load the division algorithm components from the Section 2.7 worksheet.

We run the division algorithm on the polynomial a* + 5* + ¢* — 9 divided by the Groebner
basis G for I.

> DIVIDE ( a*4+b*4+cr4-9, G, [a,b,c], LTgrlex YI[-1];
0 1
x  The remainder is 0, which tells us that a* + 5* + ¢* = 9is a polynomial combination of the
b

Groebner basis polynomials. But this means thata* + 5* + ¢* - 9 is in the ideal generated by

the Groebner basis G, which is the ideal J generated by the original 3 generators. Therefore
a+b*+ct-9is a polynomial combination of the original 3 generators. So it follows from

the 3 given equations that the equation a* + b* + ¢* = 9 is true.

)

We now run the division algorithm on a° + 5° + ¢ — 11 divided by the Groebner basis G.
> DIVIDE ( a*5+b*5+cr5-11, @, [a,b,c], LTgrlex YI[-11;

4 e
3

( Since the remainder is nonzero, a” + 5° + ¢ — 11 is not in the ideal I. Therefore it follows
| from the 3 given equations that & + 5° + ¢° = 1 1.

' To figure out the values of @* + 5° + ¢ and a® + b + ¢® we run the division algorithm on these
L polynomials divided by the Groebner basis G.

[ > DIVIDE ( a*5+b*5+c*5, @G, [a,b,c], LTgrlex )[-1];

DIVIDE ( a*6+b"6+c*6, G, [a,b,c], LTgrlex YI[-11;

29 v
3




19 o
L - L

3
29
( This tells us that a° + 5° + ¢° — —3“ and a® + 5% + ¢° - —3— are polynomial combinations of the

polynomials in the Groebner basis G, so are in 7. Therefore it follows from the 3 given
19

29
L equations that a° + b° + ¢ = —?)—a.nd a®+ B8+ =
Scott Cowan
200034814
scottc@sfu.ca
[ >



[ MATH 800 Assignment 3
(due June 21, 2006, 9:30)
[ > restart;

?3.1.2
a)

:

[ We enter the generators for the ideal J determined by the given equations.
> F = [x%242%y+2-3 r XA2+x*y+yr2-37 ;
[ F:=[x2+2y2—~3,x2+xy+y2—3]
[ We compute Groebner bases for / w.r.t. lex order withx<yandy <x,
> G_yx := Groebner [Basis] ( F, plex(y,x) )
G_xXy := Groebner [Basis] ( F, Plex(x,y) );

G yx :=[x4—4x2+3,2y+x3h3x]

Gy =1y -y, xy-)%, ¥ +2)%-3]
By the Elimination Theorem, G x=G yx & [x] is a Groebner basis for 7 A % [x] (the
first elimination ideal of J C k[y,x]),and G y= G_xy N k[y]is a Groebner basis for
I N k[y] (the first elimination idea] of I c k[x,y]. Wecompute G xand G y by selecting

alone, respectively.
> G_x := map( g-> “if " ( indets(g) minus {x} = {}, g, NULL),
G yx );
Gy := map( g-> “af 1 indets(g) minus iy} = {1}, g, NULL) ,
G xy );
Gx:=[x4—4x2+3] /

Gy=[y-y]

)

b

To solve the equations, we will need to compute the greatest common divisor of an arbitrary

[ number of univariate polynomials. We use this procedure from Assignment #1 (Section 1.5).

> GCD := proc() local £, g;:
if (nargs < 1) then return 0 fi 3
if (nargs = 1) then return ged( args[1], args([l] ) fi;
return ged( args[l], GCD( args[2..-1] ) );

| end:

We start by computing the partial solutions in V(1) =V(G _y) (where Li=In k[y])by

[ setting the only polynomial in G —_y (which happens to be G_xy,) equal to zero and solving for

.

> y_sols := [solve( G xy[1], {v} )1;



! y_sols =[{y=0}, {y=1}, {y=-1}]

Note that the leading coefﬁoiqnt ofxin G xy, = X +2 Y -3isa constant, so by the
Extension Theorem (or sp ’ﬁcally Corollary 4) every partial solution for yextends to a
solution for x, y. We‘@g:i’mply substitute each partial solution into the remaining Groebner
basis polynomials to get univariate polynomials in x, find the GCD of these, and solve for

. where it is zero.

[ > map( subs, Y_sols, G xy[2..-1] );

map ( GCDRop, % );

X_sols := map( [solve] r %5, {x} )

[0, -3], [x- L, 1], [~ 1, 1]]
[x2—3,x— Lx+1]

i x_sols =[[{x=4/3}, {x=—/3}], [{x=1}], [{x=-1}]]

L We get 4 solutions over the complex numbers, as summarized below.

> sols := seq( seq( seq( {op(xsol), ysol}, xsol=x sols[i] ),
ysol=y sols[i] ), i=1. .nops (y_sols) );

sols = {y=0,x=4/3}, {y=0,x=—/3}, {(y=Lx=1}, {y=-,x=-1}
[ We can verify our solutions with Maple.
> solve( F, {x,y} ):
map( allvalues, [%] ):

{y=0,x=RootOf(_Z’-3)}, {y=1,x=1}, {y=-1,x=-1}
L [{y=0,x=43}, (r=0,x=—/3}, (y= Lx=1}, {y=-1,x=-1}]
=le&a)

[ We can see that only 2 of these solutions are rational.
[ > sols([3..4];

{r=lLx=1},{y=-1,x=-1} "

[ The smallest field over which all solutions can be expressed is

L LQW3)=ta+b43,a c 0,6 < 0.

=13.1.4
| We enter the generators for the ideal 7 C k[x,y, z] determined by the given equations and

. compute a Groebner basis G for 7 w.r.t. lex order.
[ & B i [(x"2+y"2+242-4, x*2+2%yAr2-5, x*z-1];

G := Groebner[Basis] ( F, plex(x,y,z) ):
F:=[x2+y2+zz—4,x2+2y2—5,xz—1]
| G=[27-32+1,)"-2-1,x+27-32] ;

| By the Elimination Theorem, G, =G N k[y, z] 1s a Groebner basis for Ii=In k[y,z],and
G,=G N k[z]is a Groebner basis for L=InN k[z]. We compute G, and G, by selecting from
| G the polynomials in variables y, z and in z, respectively. (-~




[ > G1 := map( g-> “if"( indets(g) minus {y,z} = {}, g, NULL), G

éé = map( g-> “if’( indets (g) minus {z} = {}, g, NULL), G );
Gl =[22"=3F +1. 5 -2 1] L
| G2=[2z'-32+1] r
[ To solve the equations, we start by computing the partial solutions in V(4,) =V(G,) for z.
> Zz_sols := [solve( G2[-11, {z) )1:
i z_sols:=[{z:-1},{z=1},{z=g}, {zz——g}J

| Note that the leading coefficient of y in the other polynomial in G, (g =y* - 2% — 1) is a constant,
so by the Extension Theorem (Corollary 4) every partial solution for z extends to a partial solution
fory,zin V(1,) = V(G,). We must simply substitute each partial solution for z into g and solve

| fory.

( > map( subs, z_sols, G1[-1] );

y_sols := map( [solve], %, 1y} ):

3 3

2 2 2 2

=2,y =2,y == P -=

[J’ y y Y 2:’

6
y._sols :=[[{y=ﬁ}, =231 1{y=42}, {y=—\/5}],{{y=~2‘r—}, {y=——2£}J,
s J6
{y= }

J6, 46
I 2 }a {y - )
| Now the leading coefficient of x in the only remaining polynomialin G(g=x+22° -3 z)isa
constant, so by the Extension Theorem (Corollary 4) every partial solution for ¥, z extends to a
solution for x, y, z in V(1) = V( G). We must simply substitute each partial solution for y, z into g
and solve for x. Examining g we see that x depends on z alone, so we can actually simplify our
| work by substituting the partial solutions from V(1,) for z into g.
> map( subs, z_sols, G[-1] );

X _sols := map( [solve], % , {x} )

[+ Lx=1,x—42,x+42]

| x_sols = [[{x=-1}], [{x=1}], [{x=4/2}], [{x=—/2 }]]

[ So for each partial solution for z we get two values for y and one value for x. Since there are 4

solutions for z, we get a total of 8 solutions in V(1) over the complex numbers, as summarized
| below.

> sols := seq( seq( seq( seq( {op(xsol), op(ysol) ; Zsol},
xsol=x sols[i] ), ysol=y sols[i] ), zsol=z_ sols[i] ), )
i=l. .nops (z_sols) ); i//

sols ={z=-1,x=-1,y=4/2}, {z=-1,x=-1,y=—/2 }, {x=1,z=1,p=4/2},
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[ We can verify our solutions with Maple.

[ > solve( F, {x,y,z} );

map ( allvalues, [%] )

{r=1,z=1,y=RootOf(_Z*-2)}, {z=-1,x=-1,y =RootOf(_Z*-2)},

{x=RootOf(_ 72 -2), 7= % RootOf(_7* - 2), y=RootOf(2 7% 3)}
[{x:‘ 1,Z= 1,y='\/5}, {x= I,Z-"-‘—“ Isy:—'\/z}: {z:-I,x:-l,y::\/E},
2 6 2 6

2

2 6 2 6
{Z=:\/——:y:—;\/2‘:ax='\/5}: {xz_'\/g’zz—_'\/z:—’y:_iz_‘}J

i 2

| We can see that none of these solutions are rational. These equations have no solutions over Q.
Note that we could have figured this out with many fewer calculations as follows:

There were 2 partial solutions for z that were rational. Any rational solutions must be extended

from these. Extending to partial solutions for y, z gives no rational values for y. Since the only
solutions must be extended from these partial solutions, there can be no rational solutions to the
equations for x, y, z.

3.1.7

a)
%J [ We enter the generators for the ideal I < k[¢, x, y, z] determined by the given equations.
[ > F 1= [th2+4x"2+y*2+4212, EA242%xA2-xhy-242, t+y*3-z43];
L F:=[12+x2+y2+22,t2+2x2—xy—22,t+y3—23]
[ We compute a Groebner basis G for  w.r.t. lex order. By the Elimination Theorem,
G, =G N k[x,y,z]is a Groebner basis for Li=1Ink[x,yz)]. We compute G, byselecting
| from G the polynomials in variables X, 9.2

[> G := Groebner[Basis] ( F, pPlex(t,x,y,z) ):
Gl := map( g-> AL indets(g) minus {x,y,z} = {}, g, NULL),
G );

G:=[ylz~—4ygz3'+6zﬁy6--429;.)3+zl?‘+5_);8+6;1w6z2—~10.23325—1225)134—5:::6))2 v

+628+5y4+13y2zz-!-9'z‘4,—-y”+4ygz3+xz6—5Jf5‘2‘6-l-2:59,122—5y7+3xz2

—3y522+1023y4+6zsy2—3y26—-5y3—7yzz,y6—2y3z3+zs+xy+2y2+322,
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|
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( We want to show that this is a Groebner basis for / w.r.t.

xz-i-y("—2y3 2+ +y2+,‘__2'2,1‘+y3 —_;35] L
Gl = [ylz—4ygz3+6z6y6—4\'}9jzg+zlz+5y8+6y6z?'— 1023y5—12zsy3+526y:Z
+62°+ 5y4+13yzzz+9z4,——y”+4ygzs+ch€'-—5y526—1-2zgyz—5y7+3xz2

—3y522+1023y4+625y2—3yzﬁ—5y3—7yzz,y6—2y323+zﬁ+.xy+2y2+322,

L x2+y6—2y3z3+z6+y2+22] [~

[

=Ib)

We compute a Groebner basis for I, =I n k[x, Vs
know that this is a basis for 7.

> Gl1_grev := Groebner[Basis] ( G1, tdeg(x,yv,z) );

z] w.r.t. grevlex order, using G, since we

GI_grev:= [xquy—y2—222,y6—2ysz3+z"+xy+2y2+3z2] cal

We add the given polynomial to our grevlex Groebner basis for /.
> G _elim := [op (G1l_grev), t+y*3-z~3]:; L
G elim = [xz—xy—yz—z.zz,fu2ygz3+zﬁ+xy+2y2+3zz, t+y3—z3]
the first elimination order defined in
Exercise 3.1.6.

We use Maple to compute the reduced Groebner basis for 7 w.r.t. first elimination order, to

| show that we get the same result.

> Groebner[Basis] ( F, lexdeg([t],[x,y,z]) ); =

[xzuxy—yz—Zzz,y6—2y3zs+zﬁ+xy+2y2+3zz,t+y3—z3]

200034814
scottc@sfu.ca
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[ MATH 800 Assignment 3
(due June 21, 2006, 9:30)
[ > restart;

E—J 3.3.6

I:; Theorem 1 (for polynomial implicitization) tells us that for the given parametric surface S, the
ideal J generated by the following polynomials will lead to the smallest variety ¥ that contains

S.
{> F 1= [x-u¥*v, y-u*2, z-v*2];

F:=[x—uv,y—u2,z-v2]

[ We compute a Groebner basis for / w.r.t. lex order, along with the bases (by the Elimination
| Theorem) for the first and second elimination ideals of . Then (Theorem 1 gives) V' = V(Z,).

| > G := Groebner[Basis] ( F, plex(u,v,x,y,z) );
Gl := map( g-> “if"( indets (g) minus {v,x,¥,2} = {}, g,
NULL), G );
G2 :=map( g-> “if"( indets(g) minus {x,y,z} = {}, g, NULL),
Gl );

G = [xz—yz,-—z+v2,uz—vx,ux—vy,—x+uv,—y+u2]
Gl = [x?‘-yz, —z+v2]
L G2 = [xz—yz]
i [ So the equation of ¥, given by the single polynomial in G,, is £ -yz=0,0orx’= Yz

=Ib)

" To show that ¥ = S over the complex numbers C, i.e. that S fills up all of ¥, we need to show
_ that all partial solutions for [x, y, z] e V(1) extend to solutions for [u, v, x, y, z] € V().
| > lcoeff( G1[2]1/ v );

i 1
( The leading coefficient of v in one of the polynomials in G, is constant, so by the Extension

| Theorem every partial solution in V(1,) extends to a partial solution for [v, x, y, z] € V().
I: > lcoeff ( G[G}\Y/u ),

1

Then the leading coefficient of « in one of the polynomials in G is constant, so by the
Extension Theorem every partial solution in V(1) extends to a partial solution for

| L [#,v,x,5,2] € V(). Therefore V=5, -~

=l

{ Over the real numbers R, the extension from V(1,) to V(1) will fail if z takes a negative
value, because

r



> G1[2]; '
i pedl, —z+1° v

" will have no ,!roots for v. Similarly the extension from V(1) to V(I) will fail if y takes a

| negative value, because

[ > G[6];

L , —y + u v - /

" will have no roots for u. So the parametrization defining S only covers y, z nonnegative, while
the implicit equatlon for ¥ allows y, z to be negative. Graphically, we get the following

| images from plotting the implicit equation for ¥ and the parametric equations for S.

(> plots[implicitplot3d] ( G2, x=-4..4, y=-4..4, z=-4. .4,
grid=[25,25,25] , style=patchcontour, axes=boxed,
orientation=[30,60] ); P




W

[ > plot3d( [[s*t,s*2,t*2], la*t,-842 ,~£42]], s=~2..2, #=+2..2,

(> plot3d( [s*t,s*2,t%2], s=-2..2, t=-2..2, style=patchcontour,
axes=boxed, labels=[x,y,z], view=[-4..4,-4..4,-4..4],
orientation=[30,60] );

o ] fon,

L‘j
We see quite clearly that the parametrization gives only half of the variety. To parametrize the
other half, we must allow y, z to be negative (simultaneously, it turns out) but still satisfying

-the equation x*—yz=00f V. This can be done with the parametrization

X=uv,y= e Plotting the original parametric surface with this new one, we see
that this gives the entire variety over R.

style=patchcontour, axes=boxed, labels=[x,vy,z],
view=[-4..4,-4..4,-4..4], orientation=[30,60] );
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" Theorem 1 (for polynomial implicitization) tells us that for the given parametric surface S (the
Enneper surface), the ideal J generated by the following polynomials will lead to the smallest
| variety V that contains S.

[ > F := [x-3%u-3%u*v 2+ur3, y-3*v-3*tur2tyvivr3, Z=3%ur2+3*%vr27 ;

i F:=[x—3u—3v2u+u3,y—3v—3vu2+v3,z—3u2+3v2]

" We compute a Groebner basis for / w.r.t. lex order, along with the bases (by the Elimination

. Theorem) for the first and second elimination ideals of . Then (Theorem 1 gives) V= V( 5
| > G := Groebner[Basis] ( F, plex(u,v,x,y,z) ):




Gl := map( g-> "if’ ( indets(g) minus {v,x,y,z} = {}, g,
NULL), G ):

G2 := map( g-> "if" ( indets(g) minus {x,y,z} = {}, g, NULL) ,
Gl );
G2 :=[-642 + 1296 2° x* — 1296 2° y* + 10935 2° x* + 56862 2° x* % + 34992 7° ¥
+10935 y* 2° + 34992 2° 3?4 10368 27 + 19683 x° — 59049 x* 32 + 118098 22 x*
+59049 y* x* + 174960 2* x* — 19683 1° — 118098 22 * — 174960 2* y* — 59049 z x°*
|+ 118098 zx”y” — 314928 x* 2 — 59049 z * — 314928 37 2 — 419904 2°]
> nops (G) , nops(Gl), nops(G2);
{ 15,9, 1
| Note that G contains 15 complicated polynomials, and took a noticable delay to compute.

So the equation of ¥ containing the Enneper surface is given by the single polynomial in G,
| (set equal to zero).

[=[b)

| To show that ¥ = S over the complex numbers C, i.e. that S fills up all of ¥, we use the
Extension Theorem. We compute the leading coefficients for v of the polynomials in G, and
| look at their variables.

[ > map (indets@lcoeff, Gl, v);

“intersect’ (op (%)) ;

Hxyzh nzh {xyz) {ny,zh {xp 2}, {2}, (02} {x 0,23, ()

i {}

[ This tells us that the last polynomial in G, has a constant leading coefficient for v. We look at
| this polynomial and leading coefficient.

[ > G1[-1], lcoeff(Gl[-1], v);

> +3v+2vV +vz,2
' So every partial solution [x, y, z] € V(1,) extends to [v, x, y,z] € V().

Then we compute the leading coefficients for u of the polynomials in G and look at their
| variables.

[ > map (indets@lcoeff, G, u);
“intersect” (op (%)) ;

Hxy.zh {v.x,p, 2z}, {v,x, 0,2}, (v x,p, 2} {v, %, 0,2}, {v, %, 3,2}, {v, x, 3,2},
inxyz) {vy.zh {n 2} 45k fvyeeh {wp 2d, {vzh € §)

{(y.~

" Here the last polynomial in G has a constant leading coefficient for u. We look at this

_ polynomial and leading coefficient.

[ > G[-1], lcoeff(G[-1], u);

i —z+3112—3v2,3

" So every partial solution [, x, ¥.z] € V(I;)extendsto [u, v, x,y,2z] €-V(I). This proves




| that 7=85.

| We show what the Enneper surface looks like, both from its implicit equation and from its

parametrization. This also helps convince us that the parametric surface S equals the variety V

| over R as well as over C.

[ > plots[implicitplot3d] ( G2, x=-10..10, y=-10..10, z=-10..10,
grid=[25,25,25], style=patchcontour, axes=frame,

crientation=[45,30] );

10 10

7 > plot3d( [3*s+3*s*t*2-53, 3*t+3*s*2*t-t*3, 3*s*2-3*%tr2],
s=-2..2, t=-2..2, style=patchcontour, axes=frame,

labels=[x,y,z], view=[-10..10,-10..10,-10..101,
orientation=[45,30] );




~

" Theorem 2 (for rational implicitization) tells us that for the given parametric curve (the folium

of Descartes), the ideal J generated by the following polynomials will lead to the smallest
| variety ¥ that contains the curve.

[ > F := [expand((1+t*3) *x-3%t) , expand ((1+t”3) *y-3%£A2),
expand (1- (1+t*3) * (1+t*3) *u) ] ;
F=[x+xf- 3t,y+yf-3A1-u-2ut —uf ]
{ However Exercise 13 implies that we don't need the third polynomial. This is because the
denominator 1 + £° is relatively prime with the numerators 3 #, 3 £, so there is no way that the




| first two polynomials can vanish without the third automatically vanishing. So we redefine F.
[> F := F[1..2];

"“[x+xt3 3Ly+yf—37]

( We compute a Groebner basis for 7 w.r.t. lex order, along with the basis (by the Elimination

| Theorem) for the first elimination ideal of . Then (Theorem 1 gives) V'=V(I)).

| > G := Groebner[Basis]( F, plex(t,x,y) ):

Gl := map( g-> "if" ( indets(g) minus {x,y} = {} ; g, NULL), G
) ;

=[y3+x3-3yx,y2t+x2-3y,—y+xt,x—3 t+ytz]

Gl := [y3 +x3—3yx]

i [ So the equation of ¥, given by the single polynomial in G, is L+ —x y=0.

| To show that V is the folium over the complex numbers C, i.e. that the parametrization fills up

all of ¥, we use the Extension Theorem. We compute the leading coefficients for ¢ of the

| polynomials in G.
[ > map( lcoeff, G, t );

I [+ -3yx %3]

' Now these polynomials in x, y all vanish if x = 0, ¥ =0, and don't all vanish if one of x, y is
nonzero (which can be seen from the last two). Their variety is {[0, 0]}, a single point. We
L can verify this with Maple's solving procedure.

[ > solve( %, {x,y} ):

{x=0,y=0}
What this tells us is that any partial solution [x, y] # [0, 0] must extend (by the Extension
| Theorem) to a solution [¢, x,y] € V(I). Soif[x,y]=[0, 0]1is a partial solution then it is
the only one that might not extend to a solution [z, x,y] € V(J). We also see that

L [x,»]=[0, 0] is in fact a partial solution. We investigate this partial solution further.
[ > subs( {x=0,y=0}, G );
solve( %, (t} ):

[0,0,0,-3¢]
i {t=0}
| By evaluating the basis G for I at[x, y] =[O0, 0] we see that this partial solution can indeed be
extended with # = 0. Thus every partial solution [x, y] & V(7;) extends to [¢, x, y] € V(I)
over C.
To show that the parametrization covers the entire curve over R requires more work. Let us
agam list G for reference.

[ [y3+x3—3yx y2t+x2~3y,~y+xtx 3t+ytz]
( First we consider the partial solution [x, y] =[0, 0]. It follows exactly as it did for C that this



' extends over R with t = 0.

Next we consider any other partial solution with x = 0.
> subs( x=0, G );
[ V.Y t=3p, -9,y -31]
It turns out that for G to vanish y must be zero. So there are no partial solutions with
x=0,y#0.
The final case is for partial solutions with x = 0, y # 0. As the polynomials in G are given, we
do not immediately see a common solution for # that will cause them to all vanish. However
we can add and subtract multiples of the first polynomial to the others without changing any
solutions for 7. This is because the first polynomial vanishes on the partial solution for x, y,
| and because neither x nor y can be zero.
[ > expand(x*G[2]-G[1]), G[3], expand(x*y*G[4]-t*G[1]);
solve( {%}, {t} ):

V4xPty+xtyt+x Py -1y 15
Y
{t="="}
X

. ; Y iid % . :
We see that there is a common solution ¢ = =, which is always defined since x # 0, so these
o

_ partial solutions for x, y extend over R too.

| We finish by showing the folium of Descartes, both from its implicit equation and from its
| parametrization.

[ > plots[implicitplot] ( G1, x=-3..3, y=-3..3, grid=[100,100],
scaling=constrained ) ;
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[ MATH 800 Assignment 3
(due June 21, 2006, 9:30)
[ This worksheet uses Buchberger's algorithm components from the Section 2.7 worksheet.

=] Additional Exercise 1

[ We enter the generators f}, f,. We will use lex order throughout this exercise.
> (£1,£2) := (x*2*y-z,x*y-1);

L ﬂ,f2:=x2y—z,xy—1
[ We enter » and g that we found in Exercise 2.3.5.

[ > r := fl+expand(-x*£f2);
g := expand(—y*f1)+expand((x*y+l)*f2);
r=—z+x
g=yz-1"

[ We show how r and g have non-zero remainders on division by [, f; 1.
(> DIVIDE( r, [£f1,£f2], X, LTlex );
DIVIDE( g, [f1,£2], X, LTlex );

[[0,0], -z +x] v
I [[0,0],yz—-1]
| We compute a reduced Groebner basis for the ideal generated by fi» /5
"> G := Buchberger( [f1,£f2], X, LTlex, verbose=true -
G := GroebnerReduce( G, X, LTlex, verbose=true );
S(xzy—z,xy——1)=—z+x,rem=[[0,0],—z+x],G=2
S(x*y—-z,~z+x)=-z+xyz,rem=[[0,20],0],G=3
3 S(xy—1,—z+x)=yz—1,rem=[[0,0,0],yz-1],G=3
S(x*y—z,yz—1)=—2"+x*, rem=[[0,0,x+2,0],0], G=4
S(xy-1,yz—1)=-z+x,rem=[[0,0,1,0],0],G=4
S(—z+x,yz—-1)=-yp2 +x,rem=[[0,0,1,-2],0],G=4
G:=[x2y—z,xy—1,—z+x,yz-1]
g=x"y-z,rem=[[x1,0],0],G=3
g=xy-1l,rem=[[y,1],0],G=2
g=—z+x,rem=[[0],-z+x],G=1
g=yz—-lLrem=[[0],yz-1],G=1
L G=[-—z+x,yz—1]
[ We compute the remainders of 7 and g on division by the Groebner basis G.

[ > DIVIDE( r, G, X, LTlex )
DIVIDE( g, G, X, LTlex ): \/

[[1,0],0]
[[0,1],0]




{ The remainders are both zero. This isn't surprising, since 7 and g are the polynomials in the
Groebner basis!

=] Additional Exercise 2

[ We input the generating sets for the four ideals.
[ > Fa := [y*3-2"2, x¥*z-y*2, x*y-z, x*2-y]:

Fb := [x*y-2z42, x%z-y*2, x*y-z, x*2-y]:;
Fc := [x*z-y*2, x+y*2-z-1, x*y*z-1];
Fd := [y*"2-x"2*y, z-x*y, y-x*2];

Fa:=[y3—zz,xz—y2,xy—z,x2—y]
Fb:ﬂ[xy-—zz,xz—yz,xy—z,x2-y]
Fc:=[xz—y2,x+y2—z—l,xyz——l]

_ Fd=[y-2y,z-xyy-+]

[ We compute a reduced Groebner basis for each.

| > Ga := {op(Groebner[Basis]( Fa, plex(x,vy,z) ))};
Gb := {op(Groebner[Basis]( Fb, plex(x,y,z) ))};
Gc := {op(Groebner[Basis] ( Fc, plex(x,y,z) ))};
Gd := {op(Groebner[Basis]( Fd, plex(x,y,z) ))};

Ga = {xy—z,xz—y,y3—zz,xz—y2}
Gh = {xy-—z,x2-—y,xz—yz,—z+22,y3—z,yzz——yz}

Ge = {x-i—yz—z—1,—zs+yz—zz+y,z4+z3~—z—1,y3—l}

Gd = {xy—z,xz—-y,y3—zz,xz—y2}

" Recall that every ideal has a unique reduced Groebner basis w.r.t. a fixed monomial ordering. We

see that of the four Groebner bases cgmputed, only the first and the last are the same. Therefore

the ideals in (a) and (d) are the sapfe, but the other two are different from these and from each

| | other. ;
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