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” MATH 800 Assignment 4
(due July 7, 2006, 9:30)
| > restart;

=13.5.10

| We enter the polynomial fand compute its discriminant.

1> £ := a*x"2+b*x+c;

R := resultant( £, diff(£f,x), x );

disc := simplify(

(-1) " (degree (£,x) * (degree (£,x) -1) /2) /lcoeff (£, x) *R ):
f=at+bx+ec
R=4¢°c—Ha

disc =-4ac+b®

Scott Cowan

200034814

scottc@sfu.ca
>



” MATH 800 Assignment 4
(due July 7, 2006, 9:30)
[ > restart;

B3.6.1

| We enter the given polynomials fand g.

1> £ 1= x"2%y-3%x*y"24x"2-3+xty;

g = xX"3%y+x"3-4%y 2-3%y41;
f:=x2y—3xy2+x2--3xy

1 g:=x3y+x3—4y2—3y+1

[| We compute Res(f; g, x) and Res(f; g, ).

| > resultant( £, g, X );
resultant( £, g, v );

_ -
—(—4 2—3y+1)(y+1)4(4}’—1-27y3)
3 g z,/

0
Since Res(f; g, ) = 0, by Proposition 1, fand g must have a common factor with degree at least 1
iny. Also since Res(f; g, x) # 0, f and g have no common factor containing x. We verify this by
| computing the gcd.
[ > ged(£,9);

v

L y+1
@3.6.3

a)

] We enter fand g.

> £ := x*y-1;

g := x"2+y"2-4;

S=xy-1
g:=x2+y2—4

(| We compute Res(f; g,x) € (I N k] »]), where I'is generated by {f, g}.
| > resultant( £, g, x );

2, 4
/1 4y +y +1
/ ] We compute a Groebner basis G for  w.r.t. lexicographic order, y < x. By the Elimination

Theorem, G N k [y]is a Groebner basis for7 N % [¥].
> Groebner[Basis] ( [f,g]l, plex(x,y) );

[-4y +y' +1,-4y+y° +x]
” Since G N k[y]= {Res(f, g, x)}, the resultant does generate the elimination ideal
In k[y]

b)




| We enter fand g.
|> £ 1= x*y-1;
g := y*x"2+y"2-4;
f=xy-1
| g:=x2y+y2—4
[ We compute Res(f, g,x) € (I n k[y]), where Iis generated by {f.g}.
| > resultant( £, g, x );

—4y*+y' +y
We compute a Groebner basis G for 7 w.r.t. lexicographic order, y <x. By the Elimination

” Theorem, G N k[y] is a Groebner basis for/ N k[y].
H> Groebner [Basis] ( [f,g], plex(x.,y) ):

[1 +y3—4y,x+y2—4]
” Since G N k[y] # {Res(f, g, x) }, the resultant does not generate the elimination ideal
I N k[y]. Instead <Res(f; g,x)> < (I N k[y]).
| There seems to be some connection between the resultants in 7 ~ & [»] and the Extension
Theorem regarding partial solutions in V(I N k[y]).
/ﬁote that in part (a) the leading coefficient (w.r.t. x) of at least one of the generators {f, g }of I was

| /| constant. Thus the Extension Theorem guarantees that any partial solution in VI N k[y])will

extend to a solution in V(). Also notice that here we ended up with Res(f, g, x) gencrating all of
I'nk[y]

Now in part (b) the leading coefficients (w.r.t. x) of both generators {f, g} of / were multiples of y,
/hence vanished at y = 0. Thus if y = 0 is a partial solution, the Extension Theorem does not

7| guarantee that it will extend. In fact, we see from the Groebner basis that y=01is not a partial -
solution. Now notice that here we ended up with Res(f; g, x) consisting of the generator for

U I ™ k[y] with the extra factor y — 0 tacked on. This does not seem to be a coincidence.

3.6.6

(| We enter the given polynomials in function form.
> £ := x -> x"5-2%x"3-2%x"2+4;
g 1= x -> X" 5+5*%x"44+8*x"3+2%x 2 -5*x+1;

f=xor-2x-2"+4
J g'—x—>x5+5x4+8x3+2x2 Sx+1
| We compute Res(f(x), g(x — ¥),x). We know that this will give a polynomial in y whose roots

U will be the difference of a root of fminus a root of g. L/
[> R := resultant( £(x), gly+x), x );

R := 591325 + 4330965 y + 16975312 y° + 9718360 " — 338080 y** — 260176 y'*
~1286472 y'' - 896052 " — 1726724 y'* + 13939388 )% + 26059084 3 + 7746 17 + 280 3%
+25 3" +3™ + 18407 + 4940 ' + 32220 y'° + 20986 1*° — 96861 y'7 + 4512519 5




7

]

| +1355928510 - 222853 y'° + 6606927 »* + 31657034 y* + 26744434 1°
[| We compute the rational roots of this polynomial.
£> roots( R, y ); u///
P [[-1,5]]
[| We see that'1 Js aroot with multiplicity 5. That means there are 5 pairs consisting of a root o of f
and a root B of g that have a difference . — p = 1. We can verify this by factoring fand g

| (completely over C). '
{/

| > factor( f£(x), complex );
factor( g(x), complex );

(x +1.414213562) (x + 0.6299605249 + 1.091123636 I)

(x +0.6299605249 — 1.091123636 1) (x — 1.259921050) (x — 1.414213562)
(x +2.414213562) (x + 1.629960525 + 1.091123636 I) (x +1.629960525 — 1.091123636 1)
I (x—0.2599210499) (x — 0.4142135624)

3.6.7

| We enter the polynomials fand g from the given parametric equations.
> £ 1= uk(1+t*2)-£"2;
g t= v¥(1+t"2)-t"3;
Fe=g{l+ Y=~
g=v(l+)-7
We compute Res(f, g, ) to eliminate . The parametrized curve is then described by the unphc:t

U equation Res(f, g, ¢) = 0.
£> resultant( £, g, t );

8, 2 2
wHVu—v
To check this against our previous method of implicitization, we compute a Groebner basis G for

the ideal generated by £, g w.r.t. lex order, (u, v) <t. Note that since the denomator 1 + £ is
relatively prime to the numerators, we don't have to include the extra polynomial to guarantee that

| 1+ 7 won't vanish.
};. Groebner [Basis] ( [£f,g], plex(t,u,v) );

I 2 2 2
=V, ut—v,t'—u —u—-v]

[ +vVu— "V vi—u
” We know that the single polynomial in G N k[, v] defines the implicit equation for the curve.
This agrees with the equation Res(f, g, #) = 0. V/q

200034814
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” MATH 800 Assignment 4
(due July 7, 2006, 9:30)
| > restart;

@ 4.2.7
=] a)

[ We enter the given fand the generators for the ideal /.
{> f 1= x+y;

F := expand( [x"3, y"3, x*y*(x+y)] );
S=x+y
| F=[2,5x y+x)"]

s |

To determine if f € ﬁ » We compute a reduced Groebner basis for the ideal generated by the

| generators of / and the polynomial 1 —¢ £
| > Groebner [Basis] ( [op(F), 1-t*f] , tdeg(x,v,t) );

I [1] s
H Since this ideal is generated by 1 (so is all of & [x, ¥, t]), Proposition 8 tells us that f e \ﬁ .
Z/" J To determine the smallest m such that /" e 7, we compute a Groebner basis G for 7 and then

divide successive powers f by G until one of them reduces to zero- Then this one is in 1.
]> G := Groebmer[Basis] ( F, tdeg(x,y) ):
|

Faa G:= [_v3, x2y+xy2, x3]
el . / . 9
> Groe?nerFNbrm%}Form]( £, G, tdeg(x,y) ); 6%M1L@{u/éﬁ
for i while (% <> 0) do
"=Groebner [NormalForm] ( expand( £7(i+1) ), G, tdeg(x,y) ):
od;
i = 1 ;
x+y
f+2xy+f
0 /

| fas f/
L [ So £ is the smallest power of fthat is in 1.
=S
[ We enter the given fand the generators for the ideal /.

> £ 1= x"243%x%z;
F := [x+z, x"2*%y, x-z"2];

f= X +3xz
FFﬂI+ZJ%%x-£]
] To determine if /' € ﬁ » We compute a reduced Groebner basis for the ideal generated by the



|| generators of I and the polynomial 1 —¢f.
/j}> Groebner [Basis] ( [op(F), 1-t*f], tdeg(x,y,z.,t) );

[1428z+ 1, y,x—1]
H Since this ideal is not generated by 1 (so is not all of k [, y, ¢]), Proposition 8 tells us that

L L U motf e ﬁ

E4.2.12

| We enter the given polynomial f € Q[x, y].

> £ :=
x*5+3*xA4*y+3*x*3*y*z-2*x*4*y*2+x*2*y*3-s*x*3*y*3-6*xAz*yA4+x*3
Yy 4-2%x*y B3¢ N 2%y N 543k xky 64y T ;

f=
x5+3x4y+3x3y2—~2x4y2+x2y3 - 6363)/3—6xzyﬁ-&«xqui—2xy5+3x2y5+?ucy(’+y7

I By Proposition 12, if 7 isthe principal ideal generated by f thenﬁ 1s generated by

L= ]; PERY We compute this polynomial £, .

GCD|f, —f,— J

i [f axf 6yf

1> g := ged( £, ged( diff(f,x), diff(f,y) ) );

v/

I g:=x3+2x2y—x2y2+xy2-2xy3——y4
{:- f red := simplify(£f/qg); /

fred=x"+xy —xy2 —y

B [| This is the generator for \/} :
Scott Cowan
200034814
scottc@sfu.ca
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” MATH 800 Assignment 4
(due July 7, 2006, 9:30)
[ > restart;

[=] Additional exercise on resultants

=

¥

=8

a)
[| We enter the generators of I, the polynomials f'and g, and compute R = Res(, 4 4 2
p g
> £ = x72+2%y"2-3;
g = x"24+x*y+y”2;

f:=_r2+2y2—3 v
(gf:=.7c2+xy-+w_v2 ¥

j> R := resultant( £, g, x );
R:=33"-9)"+9

b)
L To determine if <R > =1 N Q[y], we compute a Groebner basis G for / w.r.t. lex order,

yEx
> G := Groebner[Basis]( [£f,gl, plex(x,y) ):

| G=[3-3y"+)" 2 +x+2y]

1 By the Elimination Theorem, the first polynomial g in G (in variable y alone) forms a basis for
I n Q[y]. Since g and R are constant multiples of each other (R =3 g), they generate the

same ideal. Thatis, <R>=1 N Q[y]. ./h

| To compute 4, B such that 4 S+ B g =R we use the method described in the proof of
Proposition 9 in Section 3.5.
We find 47, B™ such that A” f+ B” g = 1, where the coefficients of A", B are the entries the
solution x of Syl(f; g, x) x=[0, 0,0, 1]". We then multiply these by R = Res(f; g, x) to get
the desired 4, B. We must also remember that Maple defines the Sylvester matrix as the
transpose of how we define it.
> with(LinearAlgebra) :

Syl := Transpose (SylvesterMatrix( f, g, X });

1 0 1 0
0 1 i |
s -3425 0 i y
0 342> 0 37

(_> C := LinearSolve( Syl, Vector( [0,0,0,1] ) ); Cﬂ(




Y
3(=3)"+y'+3)
-3 +2 y2
3(=3)2+y'+3)

- J’
3(-3)2+y*+3)
3+
| L 3(=3y"+)" +3).
U Above we have the coefficients for 4™, B~. We multiply these by R, and then build A, B.
> C := simplify (R*C);

J}
C o= -3+ 2y2
i
I 3 —}’2
1> A := C[1]*x+C[2];
B := C[3]1*x+C[4];
Ar=xy—3429
| B = *y1 3 =57
H This gives us the polynomials 4, B € Q[x,y, ‘such that Af+Bg= R We verify this
equation.
> expand( A*f+B*g-R ) ; /
N :
Scott Cowan
” 200034814
scottc@sfu.ca
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=] Additional exercise on Buchberger's algorithm
[| Fortunately I did all of this work for the last assignment!

=l Implementation of the Division Algorithm

| We program the multivariate division algorithm. Our procedure takes as input a polynomial
to divide, an ordered s-tuple [f;, ..., £, ] to divide by, a variable ordering X, and a procedure
LT(g, X) that computes the leading term of a polynomial g with respect to a certain monomial
order. The output from our procedure is [[a;, ..., a ], 7] satisfying the conditions given in the
division algorithm. The procedure uses a global procedure monom_divis that tests whether
one monomial term is divisible by another monomial term. If the optional parameter
| verbose = true is given, the procedure will print out its intermediate calculations.
1> DIVIDE := proc( f, fL::list, X::1list, LT::procedure )
local 8, a, r, p, t, i, verb;
global monom divis;
verb := false;
if (nargs > 4) then for t in args[5..-1] do
if (op(l,t) = verbose) then verb := op(2,t) fi;
od fi;
s := nops(fL);
for i from 1 to s do ali]l] := 0 od;
{p:,xr) 2= (£,0);
while (p <> 0) do
if (verb) then print('p’
i = 1;
while (i <= s) and not(monom divis( LT(p,X), LT(fL[il,X),
X)) do i := i+l od;
if (i > s) then
(p,xr} := (p-LT(p,X),r+LT(p,X));
if (verb) then print('r' = r) fi;

p) E£i;

I

else
t := LT(p,X)/LT(fL[i],X);
(p,alil) := (p-expand(t*fL[i]),alil+t);
if (verb) then print(Tal™||i||~1~ = alil) fi;
fi;
od;
return [[seq(ali]l, i=1l..s)1,rl:
end:

| We write a procedure to compute the multidegree of a polynomial f'in variables X. The




J multidegree is dependent on the monomial ordering chosen, so as in the division algorithm we
input a procedure to compute leading terms.
| > multideg := proc( £, X::list, LT::procedure )

if type( £, "+° ) then return multideg( LT(f,X), X, LT )
£fi;

return map2( degree, £, X );
end:
| We write a procedure to test if one monomial term m, is divisible by another monomial term
m, in variables X. Note that the property of divisibility is independent of the monomial
| ordering chosen.
> monom divis := proc( ml, m2, X::list )
local a, i;
global multideg;

if type( ml, "+~ ) or type( m2,. "+
should be monomials®™ f£i;

a := multideg( ml, X ) - multideg( m2, X );

for i in a do if (i < 0) then return false fi od;

-~

) then error "inputs

return true;
- end:
[ We write a procedure to compute leading terms with respect to lexicographic order.
| > LTlex := proc( £, X::list ) local ¢, m;
¢ := lcoeff( £, X, 'm' );
return c*m;
| end:
(] We write a procedure to compute leading terms with respect to graded lexicographic order.
| > LTgrlex := proc( £, X::list ) local d, g, t;
if not(type( £, "+~ )) then return f fi;
d := max( seg( degree(t), t=f ) );
g := add( "if"( degree(t) =d, t, 0 ), t=f );
return LTlex(g,X);
J end:
| We write a procedure to compute leading terms with respect to graded reverse lexicographic
| order.
| > LTgrevlex := proc( £, X::list ) local d, g, t, c, m;
if not(type( £, "+~ )) then return f fi;
d := max( seq( degree(t), t=f ) );
g := add( "if~( degree(t) =d, £, 0 ), t=f );
¢ := tcoeff( g, X, 'm' });
return c*m;
end:

E‘] Implementation of Buchberger's algorithm
ﬂ We begin by programming a procedure to calculate S-polynomials. This procedure computes



S(f; g) with respect to the monomial order defined by the variable ordering X, and the
leading-term procedure LT(g, X). If the optional parameter fractionfree = true is given then
| the resulting S-polynomial will be scaled so that none of its coefficients are fractions.
> 8 poly := proec{ £, g, X::1ist, LT )
local 1tf, 1ltg, a, b, ¢, lcm, i, fractfree;
fractfree := false;
if (nargs > 4) then for ¢ in args[5..-1] do
if (op(l,c) = fractionfree) then fractfree := op(2,c¢)
£i;
od fi;
(1tf,1tg) := (LT(f,X),LT(g.X)):
(a,b) := multideg( 1ltf, X ) ,multideg( ltg, X ):
lem := mul( X[i]l"max(a[i]l,b[i]), i=1..nops(a) );
if (fractfree) then .
¢ := ilem( lcoeff( 1tf, X ), lcoeff( ltg, X ) );
lcm := c*lcm;
fi;
return expand(lcm/ltf*f) -expand (lem/ltg*g);
i end:
We program Buchberger's algorithm as given in lecture and in the textbook. Our procedure
takes as input a list of generators [f;, ..., /] for an ideal, a variable ordering X, and a procedure
LT(g, X) that computes leading terms with respect to a certain monomial order. It outputs a
Groebner basis gy, ..., g,] for the ideal. This Groebner basis will contain no new duplicate
polynomials and will preserve the order of the original polynomials. The procedure uses
global procedures S_poly for computing S-polynomials and DIVIDE to perform the
multivariate division algorithm. The optional parameters verbose and fractionfree can be
specified true or false to determine if intermediate calculations will be shown and if
| S-polynomials will be scaled to be fraction free.
| > Buchberger := proc( F::list, X::1ist, LT: :procedure )
local ¢, G set, £, g, 8, r, i, j, k, verb, fractfree;
global DIVIDE, S poly;
(verb, fractfree) := (false,false);
if (nargs > 3) then for r in args([4..-1] do

if (op(l,r) = verbose) then verb := op(2,r):;
elif (op(l,r) = fractionfree) then fractfree := op(2,r)
fi;
od fi;
(G,G _set) := (F,{op(Fm}):
j = 1;
while (j <= nops(G)) do
g := G[jl;

k := nops(G);




i = 1;
while (i < j) do
f := G[i];
S := S poly( £, g, X, LT, fractionfree=fractfree );
r := DIVIDE( S, G[1..k]l, X, LT );
if (verb) then print('s'(f,g) = 8, div = r, 'G' = k)
£i:
r := r[-1];
if (r <> 0) and not (member( r, G set )) then
(G,G_set) := ([op(G),r],G set union {r}) £i;
i := i+1;
od;

od;
return G;
| end:

We write a procedure to take any Groebner basis for an ideal with respect to a given
monomial order and transform it into the unique reduced Groebner basis for this ideal with
respect to the monomial order.
| > GroebnerReduce := proc( GB::list, X::list, LT::procedure )
local G, rG, g, r, verb;
global DIVIDE;

verb := false;
if (nargs > 3) then for r in args[4..-1] do
if (op(l,r) = verbose) then verb := op(2,r) fi;
od fi;
(rG,G) := ([1,GB);
while (G <> [1) do
(g.G) := (G[1ll,G[2..-1]1);
r := DIVIDE( g, [op(xrG),op(G)], X, LT );

if (verb) then print('g' = g, rem = r, 'G' =
nops (rG) +nops (G) ) £i;
r := r[-1];
if (r <> 0) then rG := [op(rG),r/lcoeff( LT(r,X), X )]
£i;
od;

return rG;

| end:

Eﬂ Problem 1

(| We enter the given polynomials and the variable ordering.
> X = [x,v.2z];

[ fl := x*y-1;



£f2 := x*¥*z-1;

X=[x,yz]
fl=xy-1
i Ri=xzr—1

1 We compute the Groebner basis with respect to lex order, grlex order and grevlex order (with
| the given variable ordering), for the ideal generated by the given polynomials.

| > G lex := Buchberger( [fl,£f2], X, LTlex, verbose=true );
G grlex := Buchberger( [f1l,f2], X, LTgrlex, verbose=true );
G_grevlex := Buchberger( [£f1l,£f2], X, LTgrevlex, verbose=true

) ;
S(xy~lxz=1)=—=z+y,div=[[0,0],=z+y],G=2
S(xy-1,=z+y)=xz-1,div=[[0,1,0],0], G=3
S(xz—1,-z+y)=—y+x2,div=[[0,z,-1],0], G=3

Glex=[xy-1l,xz-1,—z+y] /
%j S(xy-1l,xz-1)=—z+y,div=[[0,0],—z2z+y],G=2 %
¢ S(xy-1,—z+y)=xz-1,div=[[0,1,0],0],G=3
S(xz—1,—z+y)=—y+x25,div=[[0,2,-1],0], G=3
G grlex =[xy-1,xz-1,-z+y]

S(xy—-1,xz-1)=-z+y,div=[[0,0],—z+y],G=2
S(xy-1,—z+y)=—z+x),div=[[,0,1],0], G=3
S(xz—-1,—z+y)=xy-1,div=[[1,0,0],0],G=3

i G greviex =[xy-1,xz-1,-z+y]

[} Now we reduce each Groebner basis and print it with its set of leading terms.

1> G lex := GroebmnerReduce( G _lex, X, LTlex ):

print( lex, G = G_lex, LT(G) = map( LTlex, G lex, X ) );

G_grlex := GroebnerReduce( G grlex, X, LTgrlex ):

print( grlex, G = G grlex, LT(G) = map( LTgrlex, G grlex, X )

)i

G _grevlex := GroebnerReduce( G grevlex, X, LTgrevlex ):

print ( grevlex, G = G grevlex, LT(G) = map( LTgrevlex,

G grevlex, X ) ); /t/’

lex,G=[xz-1,—z+yL,LI(G)=[xzy] - "

grlex, G=[xz—-1,-z+y],LT(G)=[xz,y] v

greviex, G=[xy—- 1,y +z], LT(G)=[xy,z] X

=] Problem 2

] We enter the given polynomials and the variable ordering.
> X = [w,x,y,2]:;

{ £l := 3*x-6%y-2%z;

i
i




£f2 1= 2*x-4*y+d*w;
£f3 := x-2%y-2-W;
X=[wx,z]

fA=3x-6y-2z

f2=2x-4y+4w
| B=x-2y-z-w
1 We compute the Groebner basis with respect to lex order, grlex order and grevlex order (with
| the given variable ordering), for the ideal generated by the given polynomials.
> G lex := Buchberger( [f1,£2,£3], X, LTlex );

G _grlex := Buchberger ( [£f1,£f2,£3]1, X, LTgrlex );
G _grevlex := Buchberger/( [£1.£2:£31; RY LTgrevlex );
G lex = [g;,_,ksy—zz,2x-4y+@;;x~2y—z—w]
G _griex :=[3x—6y»—22,2x—4y+4w,x—2y—z: w]

| G_grevlex:={3x—6y—2z,2x—4y+4w,x—2y—z—w]
| Now we reduce each Groebner basis and print it with its set of leading terms.
1> G lex := GroebnerReduce( G_lex, X, LTlex ):
print( lex, G = G _lex, LT(G) = map( LTlex, G lex, X ) ):
G grlex := GroebnerReduce( G_grlex, X, LTgrlex ):
print( grlex, G = G _grlex, LT(G) = map ( LTgrlex, G grlex, X )
)7
G _grevlex := GroebnerReduce( G_grevlex, X, LTgrevlex ):
print( grevlex, G = G_grevlex, LT (G) = map( LTgrevlex,
G grevlex, X ) );

TR v
lex,G=[x—2y-—23 ,w—lz-/g},LT(G)=[x,w] i/

2z Z
grlex, G:[x - 231—?, w+‘é‘], LT(G) =[x, w] /

x
I greviex, G = .’~E_w,7+2m71“\ _ ,\

%] Problem 3
[| We enter the given polynomials and the variable orderng.
s> X := [x,v.2]:

£f1 := x"2+y+z-1;
f2 := x+y 2+z-1;
£3 := x+y+z 2-1;

X=[xyz2]
f1 =x +y+z—1

fZ::x+y2+z—1




L

!

|

B
We comp

- —_
i =

G_grevlex Buchberger (

G lex :=[x2+y+z—1,x+y2+z-—1,x

2 2
Przy+t Vo -

1 1
Snb e

—224-}-223-{— z
2

|

[ Now we reduce each Groebner basis and
1> G_le
print( lex, G = G_lex, LT

G grlex := GroebnerReduce
G grlex

print( grlex, G
)
G _grevlex :=

print( grevlex, G
G grevlex, X ) )i

= v

lex, G=[x+y+zz— 1,y2+z—y—22,£

LT(G)=[x)"2 321
grlex, G = [ +y+z—1,x+Y

i

%‘ﬂ Probiem 4

We enter the given polynomials and the correct variable ordering, not the one given in the

H

assignment description!

}> X := I[x,¥v,2];
£1 1= x-z"4; ;;;/
£2 := y-z"5;

I

ﬂ We compute the Groebner basis with respect to

2
Zz—y ,_))2+Z"

2

o)
=x+v+z —1

ute the Groebner basis with respect to lex order, grlex order and grevlex order (with

the given variable ordering), for the ideal generated by the given polynomials.

> G lex := Buchbergexr( [fl,£2, £31, X, LT
G grlex := Buchberger ( [f1,£2, £31, X,

lex )
LTgrlex );
[E1,£2,£3]1, X, LTgrevlex );

2 4 2
+y+z =1, y+y +2yzz—2y +2 -z,

2 4,2 2 4 3 1o 1,
y—z', 2 +2 =22 y,2z -2z —’2‘2 +£z,

G grlex ::[x2+y+z—1,x+y2'+z—1,x+y+zz—1]

G_grevlex:=[x2+y+z—1,x+y2+z—1,x+y+zz—1]

print it with its set of leading terms.

.= GroebnerReduce( G_lex, X, LTlex ):

’

(@)
( G_grlex,

, LT(G)

map ( LTlex, G lex, X Y )
X, LTgrlex ):
map ( LTgrlex, G_grlex, X )

GroebnerReduce ( G grevlex, X, LTgrevlex ):
G grevlex, LT(G)

map ( LTgrevlex,

L

2 4
4—Ezz+z y,26—4z +423—22],

Z

v

+z—-1,x+y g5~ 11, LT(G)=[JC2,J’2322]

X=[xz]
H =x-z
12 :ﬁy—z5

lex order, grlex order and grevlex order (with



|| the given variable ordering), for the ideal generated by the given polynomials.
1> G lex := Buchberger( [fl,£f2], X, LTlex ) ;

G grlex := Buchberger( [£f1,£2], X, LTgrlex )i

G _grevlex := Buchberger( [f1,£2], X, LTgrevlex )

G lex =[x —24,y~25] /

G grlex =[x— z4,y —2,zx+Y, Y i y2 ot s —y3 zZ+ x4]
G grevlex =[x — 2,y- 2, —zx+y, X7 Y -2 y2 +x, —~~y3 z+x, —y4 +x°]
[ Now we reduce each Groebner basis and print it with its set of leading terms.
1> G lex := GroebnerReduce( G_lex, X, LTlex ):
print( lex, G = G_lex, LT(G) = map ( LTlex, G lex, X ) );
G _grlex := GroebnerReduce( G grlex, X, LTgrlex ): ‘
print( grlex, G = G_grlex, LT (G) = map( LTgrlex, G_grlex, X )
)

G grevlex := GroebnerReduce( G grevlex, X, LTgrevlex ):

o

print( grevlex, G = G_grevlex, LT(G) = map( LTgrevlex,
G grevlex, X ) )i

lex,G=[x—z4,y—zs],LT(G)z[x,_v] d

griex, G=[-x+ Dzx—-y, 47 ¥ z yz s -—y3 zZ+ x4],

LT(G) = [, 252 0. 2 5] 47
greviex, G=[-x+ 24, ZX—Y, X +z v, 2 y2 —x3, y3 z rx4, —y4 +x5],
L LT(G)= [24, zZX, z ¥, z yz, y3 z, xs]
(=] Problem 5
[| We enter the given polynomials and the variable ordering.
N> X := [t,x,¥.2];
£1 := t 2+x"2+y"2+272;
£2 := tM2+2*%x"2-x*y-z” 2;
£3 := t+y"3-z"3;

X=[t,x,yz2]
i = P dy? +2°
2 =Ff+2x-xy-7
fB=t+ y3 g
We compute the Groebner basis with respect to lex order, grlex order and grevlex order (with
the given variable ordering), for the ideal generated by the given polynomials.
> G lex := Buchberger( [fl,£2, £3], X, LTlex );
G _grlex := Buchberger ( [£1,£f2,£3], X, LTgrlex );
G grevlex := Buchberger ( [f1l,£f2,£3], X, LTgrevlex )

ST e | rcesy ] B

2 2 3 _ %, 2
G_Iex:=[Iz+x7+y2+22,r2+2x —xy—zz,t+y3-z,—x +y +22+xy,

5.2 6 2 5 2
2y2+_3z +y°_2y333+zé+x_v,w—5y4—~1322)} -52%y —924—}!]2+4y9,z3—6y(’z°



+4y329~5y8+ 1023_)/‘5—2}2—632_1;6»%12zsy3—628,5y3+7y22—3xzzﬁxz(’+5y7
+3y522+y” d4ysz3+5y526—10y4z3—6}-’2z5—2_v229+326y]

2 2
G grlex == [t2+x2+y‘+z ,t2+2x2-—xy~—z2,t+y3-z3, —x'+y2+2zz+xy]

%
G__g}"‘eylex :=[r2+x2+y2+zz,t2+2x2~xy—22,t+y3—23,2r2+3x2+y2_xy,
\‘* 2 2 3 2 2 2
zxyx2zx —2yx -3x -zt -2yt =2xt +1,

5z + x4—3x5+5zx2I2+8yx21.‘2—5x3 2‘2+zr4+2yr4—2t4x—xyt—x2z—ts,
7x4+22yt2+4zx1‘2+21‘2xy+6t2x2+t4—zr—2xt,

32y 188x°
x4+zytz+3zxt2+6tzxyw—8t2x2—4t4—yr—xr, L _ ==

52x3+7x3y«-

25 25
32 x3yr2 57x zf'x 43xy A 1074 % 3zx 1 xz_vf 39x°t zf
- - - - + - + +
25 5 25 25 25 5 25 25 5

2y £ 29xf f
+ - -,
5 25 5
44.r3yt2 8x' 7 3}'214 3 Z’:nyt4 g61'x 33£ zr yt3 3xr
- + + - + + - + -
35 5 35 35 35 35 7 - 35

88yx' 16x° 2zx' 1 52yx 8PP 6zF5 12yf 18f'x 2zxt

> - - ¥ i +
35 5 7 35 7 35 35 35 7
2xyt 6xt 61 243x° 188lx 2 15yzft 15zf£'x 1Sxyl’
+ + -

= + 5 RoE +
5 35 35 14 56 N\ 28 56 56
D3 AP 1208 75zxt 215yt 243xt 5z A 3yf 207xf
+ + - - - B - -
56 28 56 56 3 56 14 56
132 162x° 677 Syzit Szi'x Syl 401 a2 e
+ , = - - + G TR -
56 7 14 7 14 14 14 7
2525t 9xyt 8lxt 2520 2yf 69xFfN\117 12yx 132x°
+ + + + + + =X y = -
14 14 14 14 7 14 4 35 35
2P S8yXiP 38xXF Azf 37yf 68fx yi¢ 4xyt 32t
+ - - + - - + — +
7 35 7 35 35 35 7 N 35 5
167 44yx* 8x° zx'7 26y% 2 1957 3zfF 6yf 39fx zxt
+ : 22 ~ + s — - - +
357 35 5 7 35 7 35 355 35
xyt 3x1 30 324X s:27 12y2f 955F 7z 17yt
— + += ., + v - + W
5 35 35 55 55 55 11 55 11
173f'x vzt 3zxt 13xy¢ 48t 37¢
- + + - + + , b |

A

55 5 55 55 55 55 \



M

+ + - + -—- F—

44xy 8x* 3zyl zx’ 32FPxy 86£x 33f zt 3xt yt]
- = o
35 5 35 35 35 35 35 7 35 5

] Now we reduce each Groebner basis and print it with its set of leading terms.
> G_lex := GroebnerReduce( G_lex, X, LTlex ):
print( lex, G = G lex, LT(G) = map( LTlex, G_lex, X ) );

G grlex := GroebnerReduce( G grlex, X, LTgrlex ):

print( grlex, G = G grlex, LT(G) = map( LTgrlex, G grlex, X )

):
G grevlex := GroebmerReduce( G_grevlex, X, LTgrevlex ):

print( grevlex, G = G grevlex, LT(G) = map( LTgrevlex,

G grevlex, X ) ):

le.wr,G=[1,‘+y3—~z3,x?‘+y6—2y323+yz+26+zz,2yz+3zz+y6—23}3::3’+:56+xy,5_1,;4

+13zzyz-k5;:63:2+9z4~!—y12—‘ﬁlygzz’+63.;626,—4}’3zg+5y8—1023y5-t—z]z—z—fizzy6
3y522_y1’1/+4y823_5y526
Ao

+103;:4:4""+6;,1235+2_v229—326_1;],LT(G)=[t,ch,xy,ylz‘,’jrz6 /

grlex7 G: [f2+xy+2_)52 +3 22:f+})3 _Z3,x2 “‘J’z "_222 —.x_V]ﬁ LT(G)Z [tzs.ysnxz}

- 1225_1;3+628,—5y3—7y22+3xzz+xz(’-—5y?—.
d

grevlex, G:|:_t2 ~2 x?- +Xxy +2-'2, 2 32 +3 x”‘ +y2 —X),

zxy—2zx2—2yx2~3x3~—ztz—2yt2—2xr2+r,
4

13x' 13zyF 25zxf 27Pxy 25Fx £ Tzt yt 13xt |

zx + + + + + + - +=—= X
11 44 44 11 22 4 44 44 44
2z ¢ ?.S_WCZI2 4755°F Tzf 85yt4 173 £ x 11lyzt =xt
~ + + - + + - -
81 81 324 324 324 324 324 108

13xyt 4xt 37¢
324 7 324°
., 14x' 3zyf zxf 8fxy 43744 37 5zt 3xi 7yt:|

+

X y- - + + =
i 11 44 < 11 22 4 44 44 44

LT(G)=[2 ¥ zxy,zx, 5, % y]
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