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H MATH 800 Assignment 5
(due July 24, 2006, 9:30)
| > restart;

=14.3.8

[| We enter fand g.

1> £ :=
X" 4+x " 3*y+x"3*272-x" 2%y 24 x 2%y Rzt 2 - x*y 3 -xky 2%z 2y 34202 ;
g 1= X 4+42%x73%z72-x"2%y " 24x" 2%z 4 2%y 2%z 2y 24274,

: 2.%,.9. .9 3 2.2 3.2
- XV 4xyer—-xy —-xyz-yz

4 32 2 2 2 4 2 2 2 4
=X 42Xz =Xy +x 2 -2xy'z -y z

4, .3 3
f=x+Xy+x z

=l a)
| We compute a GB for (/) N (g)=In k[x,y,z],whereI=(tf,(1-1t)g) € k[t,x,y,z].
| > Gt := Groebner[Basis] ( [t*£, (1-t)*g], lexdeg( [t], [x,y,z] )/
)z
Gl := remove( has, Gt, t );
GJ:=[22:2)c3y+z4x?'y—2223«5}’3—l—x"z”'+2x4:r:2—x"’y?‘%wcs—.’Z.:czyzzz—xjy’zzr4+_vx4 v
2.3 4.3
-y =2
To compute a GB for 4/ (f) (g), we first note that (f) (g) =(fg) is a principal ideal. Then (if
‘we are working over a field containing the rational numbers) 4/ (/) (g) ={(fg) d)
re

| (Proposition 12 of section 4.2).

1> £fg := expand(f*g);

dfg := map2( diff, fg, [x,y.z] ):

fg red := simplify( f£g / gcd( fg, gecd( dfglll, gecd( dfgl2],
dfgl31 ) ) ) );

2 3 36
fe=—6y 2 +x-6x" V7 +3x°p 2435y -6y P -6x Y2227
- 2 ¢ 4 3 5 2 '

3 +3x3y422+3x y4z4+x J-’z6—2x2}'326+3x2392 +E’sxySZ:’-+—xy4z°+3x7z‘2

6.2 4 7 1,56, 44, 35 556
—ny+3x62+xy—2x5y+xz6+xy+xy+yz

| fered=x+7x"—xy' -y 2 |/

| As a verification, we factor f g and (f, g) .

| > factor(fg):;
factor(fg red):

(42 (=) (x+)

| (x+2°) (x=¥) (x+)
| We see that (f g)red 1s in fact the reduction of fg. Also, by Proposition 9 of section 4.2, we

|| havey/ (/) {g) ={(fg) d) over any field, since x +z°, x — y, x + y are all irreducible factors




=l

| 1] over any field.

T

Since (from part (a)) (f) N (g) is a principal ideal, Proposition 13 tells us that its generator is

LCM(/, g) Then from Proposition 14 we get GCD(f, g) = ﬁ(}; We compute
| A = GCD(f, g) in this fashion.
" > h := simplify( £*g/G1[1] );

evalb( h = ged(£f,g) };
k:=:c3-I—zzxz~xyz-~yzz2 /

true

DWe enter p andq
> p 1= X 2+x*y+x*z+y*z,
g 1= x"2-x*y-x*z+y¥z;

2
PEX +xy+xz+yz

i q:zxzwxy—xz—i—yz

| We compute a GB forJ n J=(¢tI+(1 —t)J) N k[x,y,z), where I=(f, g}, J={(p, q).

1> Gt := Groebner[Basis] ( [t* y (1- t) *p, (1-t)*qgl, lexdeg(
(1, [x.y,2] ) ): v

G2 := remove( has, Gt, t );

4,3 3.2 2.2 .3 3 3 22 313
G2 =[x +xy+x 2 Xy +xy —xy —xy' " -y 2,

2
xzz4—_v”z4—2x2y22+2y322—x4—2x3y +x2y2+2xy3]

Scott Cowan
200034814
scottc@sfu.ca

>



H MATH 800 Assignment 5
(due July 24, 2006, 9:30)

[ >

restart;

=14.4.2

[| We enter fand g.
1> £ 1= (x+y) 2% (x-y) * (x+2"2) ;
g 1= (%+272) 3% (x-y) *(z+y);

fr=@+yY (x=p) (x+7)
g=(x+7) (x-y) (z+)

| To compute a basis for (f) : {g) we first compute a GB for (/) N {(g). = L M (£, 5})
> Gt := Groebner[Basis] ( [t*f, (1-t)*g]l, lexdeg( [t], I[x,y.z] )

()3 := remove( has, Gt, t );
G:=[—x4y3—x3y4+26x3y+3xdz4y+x6y+x5yz—!—x327+3x4zs+x62+3x533-)-’327
+x5yz—3z4y3x2-—z(’y3x—3243*4x—-26y4—3x3yzz3—xy227~ﬁ3x3y322—3x2y225
—x4yzz—3y3xzz3—3)’4x222—3y3sz—y3x3z+xzzﬁy2+3x4y23+x227y+3x522_v
| +3x4yzz‘+3x325y+3x3z4y2]
| Now by Theorem 11, a basis for {f) : (g is found by dividing the basis for (/) N {(g) by g. ___'Lﬁl‘j@gl
> B := [simplify( G[1l/g )1; / %

| B:=[x2+2xy+y2]
[| Since the basis contains a single polynomial, it is a GB for the principal ideal (/) : (g).

| > factor(B[1]);
i (x+y )2 \/
| This makes sense: from the factorizations of fand g we can see that, givenany h € k[x,y,z], h g

| is divisible by f (hence is in {f)) iff / is a multiple of (x + y)~.

Scott Cowan
200034814
scottc@sfu.ca

>



H MATH 800 Assignment 5
(due July 24, 2006, 9:30)

| > restart;

=4.6.4
=] a)

[| We enter the generators for 1.
1> F 1= [x*z-v"2, x"3-y*z];

| F=[xz-y,x-yz]

DWe compute a basis for 7 : (x* y-—zz). .

1> g := x*2%y-2"2; (Ao [925(%,*4 F=Fd

Gt := Groebmner[Basis] { [op (th )), (1-t)*gl,

lexdeg( [t], {K,Y;Z} ) ) ¢
ﬂ G := normal (map( ~/, remove( has, Gt, t ), g ) );

.3 2
g=x"y~z
Gmlnxl L

B D Therefore I : (Jc2 y— zz) ={x,y).
0/ =l b)

H By Proposition 9 of section 4.5, I : (x2 y— zz) =(x, y) is a maximal ideal. Therefore by X
| || Proposition 10 of section 4.5, this is also a prime ideal. e k[’x‘,q] Ej

=lo 3

(| Now we compute a basis for (x,y) N (xz—3", X —yz,22 - x"y).

1> Gt := Groebner[Basis] ( [op(map( “*~, G, t )), op(map( ~*~, F,
1-t )), (1-t)*(-g)]l, lexdeg( [t]l, I[x,y.z] ) ):

A GG := remove( has, Gt, t );
{ Groebner [Basis] ( F, tdeg(x,v.,z) );

GG =[—=xz+y,x -yz] /

[—xz -l-y?‘, X —yz]

B [| We see that this intersection equals /.

Q 4.6.7
=] a)

> interface({ imaginaryunit = i ):
with(PolynomialIdeals) :
Warning, the assigned name <,> now has a global binding

Warning, the protected name subset has been redefined and unprotected




| We enter the ideal 1.
1> I := <x*z-y"2, 273-x"5>;
| I:=(xz—y2,zs—x5)
| We compute a GB for 7 and factor it.
1> G := Groebner[Basis] ( I, plex(x,y,z) );
factor(G);
G=[""-2,xz-) 3 x-2, )0 -2, PO T Al P Ly
[(}'5 —34) (.Vs +Z4)sz_y2’ys -'C—ZT: (.V3x _53) (}"3 -‘7+23)ay4 x3 ““Zsa
()c2 y- zz) (x2 h% —1~zz), -7 +x5]
1 We will use the factorization of the first polynomial in the GB in computing the

| decompositions V(7) and 1.
| > £1,£2 := op( factor(G[l]) );

| H2 =y — z, yS +z

] We compute the quotients J=1: {f,)and K=1: (f;).

> J := Quotient( I, <£f2> );

K := Quotient( I, <fl> );
J:=(—.xz+y2,x2y—zz,—zy+x3)

I K:=(~xz+y2,zy+x3,x2y+zz)

| We also compute lexicographic GBs for J and X.

> G1 := Groebner[Basis] ( J, plex(x,y.,z) ):

G2 := Groebner[Basis] ( K, plex(x,v.,z) ):

5 3 '
Gl=[y -2xz-,y x~z P y—2 2y +x]

| G2 = [ys+z4,xz—yz,y3x+zs,x2y+zz,zy+x3]
| Nowwehave I=J N K. v~
| > Intersect( J, K );
evalb( Groebner [Basis] ( %, plex(x,y.,z) } = G };
(—xz+y?, 2 +x°, %2 +z 2+ 2
1 true
| This also means that V(1) = V(J) U V(K). If V(J) and V(K) are irreducible varieties then
we have found a decomposition of V() into irreducible varieties. We will show that V(J)

| and V(K) are irreducible by giving parametrizations for them.

s Gt := Groebner[Basis] ( [x-t"3, y-t*4, z-t"5], plex(t,x,y,2)
):

remove( has, Gt, t );

evalb( % = G1 );

5 4 2 8 2 3 2
Gt = {_VJ_Z s XZ—YV a.}’31'"'5%a-’52.]’_2 ,TZY X, X +1iz, __Z+ty¢ _J"*‘fx: "x+t3}

5 .4 2 3 5 2 2 3
[y -z, xz=y,yVx-2,xy—-2,—2y+x’] /

true




This shows that [x, y,z] = [t3 £ risa ponnomial parametrization of V(J), in that V(J) is

) ], ! € R}. Also, since the leading coefficient

the smallest affine variety containing {[ 7, {
of the last polynomial in G, £ — x, is a constant, by the Extension Theorem every partial
solution for [x, y,z] € C* extends to a solution for [t,x,y,2z] € C*. We can also see from
the other polynomials in Gt that are linear in ¢ that if we have a partial solution [x, y, z] € R
then # must also be real, so that the partial solution extends to [#, x,y,z] € R*. Therefore
V(J) is exactly the set {[ 7, ', £ ], € R}, and since V(J) has a polynomial parametrization
| 1t is an irreducible variety.

| > Gt := Groebner[Basis] ( [x-t"3, y+t™4, z-t"5], plex(t,x, V:Z)
);

remove( has, Gt, t };

evalb( % = G2 );

Gt = [ys+z4,xz—y2,y3x+z3,x2y+zz,zy-i-'x", —x2+tz,z+ty,y+tx, —x+r3]

4 2 2 3
[y5+z ,xz—yz,y3x+z3,x y+'27kx ]
true

Similarly [x, y, z] = [}, —*, ] is a polynomial parametrization of V(X), and so V(K) is an
irreducible variety.

Therefore the decomposition V(7) = V(J) U V(K) is a decomposition into irreducible
varieties.

=l b)
| We have already done most of the work to express / as an intersection of prime ideals. We
| have shown that I=J n K. We need to argue that J and K are prime.

1> IsPrime(J), IsPrime (K); Us o I[‘l(—{' /ﬂu:{-' J_”Q,M/{
} | true, true < haw ,ﬂ{ nevas mﬁzm‘g‘{\r £
So we have a decomposition of  into prime ideals. By Exercise 1, this implies that I isa
| radical ideal. == Thesy ae P
[ Finally, we check thatJ=1: Kand K=1: J. Pop 5 ff— 45 o Frop 3.

> J = Quotient( I, K );
K Quotient( I, J );

(xz+) X' y—2, 2y +x°)=( xz+y¥, y-2 —z;+1) /

[}

(xz+V zy+x, % y+z Y={=xz+), zy+x, 2 y+ )

_Scot_t Cowan

200034814
scottc@sfu.ca

0>
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MATH 800 Assignment 5
| (due July 24, 2006, 9:30)

restart;
interface( imaginaryunit = i ):
with (PolynomialIdeals) :

Warning, the assigned name <,> now has a global binding

Warning, the protected name subset has been redefined and unprotected

=] Additional Exercise 2

0 3}
Weenter f € Q[x,y] and compute its derivatives f, = “5“ Sfandf, = a /- The goal here is to
x

| compute the GCD of these 3 polynomials.
1> £ :=

X 543%x 4%y +3*x 3%y 2-2%x 4 ky  24x 2%y 3-6%x 3%y 3.6 *x " 2*y 4473
*y 4 2kx*ky 543 kx 2%y 543 kx*y 64y 7 ;

fx := diff(£,x);

fy := Qiff(£,vy):;

f= |
x5+3x4y-+-3x3y2—2x4y2+x2y3—6x3}-’3—6x2y4+x3y4—~2xy5+3x2y5+3xyﬁ+y7
fi=
5xt+ 12)5331-1-E’chyz—8x3yz+2xy3—18:czys—12xyd'+3)(2_1;4—23/'5~1-6.vcy5+3y6
ﬁ/:=3x4+6x3y—4x4y+3x2yz—18x3y2-—24x2y3+4x3y3—10xy4+15x2y4+18xy5
£T79°

| Letting 7= (f), J={f.,), K = (f, ), we first compute a GB for

JN K=(tJ+(1-1t)K) n Q[x,y]. SinceJ, K are principal ideals, their intersection is
principal too and we will get a single polynomial in the GB. By Proposition 13 of section 4.3 this

| polynomial is LCM(/,., £,,)-
| > 6t := Groebner[Basis] ( [t*fx, (1-t)*£fyl, lexdeg( [t], [x,v] )

)}

Gl := remove( has, Gt, t )};
Gl =[-32x'y’ +20X° y—15x° - 14y" -6y’ = 1377 v* = 362" y = 275 y? + 107 x* )7
+174 5y’ +1072%3* +20x)° = 19227 3° =101 x3° + 2135+ 125° y° + 45 2% 35 + 54 %3]

xSy
Now from Proposition 14 of section 4.3, we get GCD(f,, f,) = . We compute
77 LCM(f, 1)
| A =GCD(f, ];) this way.
> h := simplify( f£x*fy/G1[1] );
h :=—x3+x2y2—2x2y+2.\:y3~xy2+y4 l/

Now we repeat. To compute GCD(f; #) we first compute a GB for/ n L=



N

(¢I+(1—=¢t)L) n Q[x,y] where L={h). This ideal is also principal so the GB will contain a

| single polynomial, LCM(f, #). From this we compute g = GCD(f, #).

| > Gt := Groebner[Basis] ( [t*f, (1-t)*h]l, lexdeg( [t]l, [x,y] ) ):
G2 := remove( has, Gt, t );
g := simplify( £*h/G2[1] );

G2 =

/xi +3 x4y+ 3 x3y2 —2x4y2 +x2y3 —6xy -6y +x3y4~#2xy5 + 3.>c2y5 +3 xy6+y?]
7 g:=—x3-l—xzyz—2x2y+2xy3—xy2+y4

This gives g = GCD(/, £, f,) as desired. We check that it agrees with the gcd computed directly

| (up to an arbitrary constant factor).
> evalb( sign(g) *primpart(g) = ged( £, gecd( £x, £y ) )} );

true

[=] Additional Exercise 6

(| We enter the ideal I corresponding to the variety we will decompose.
1> I := <y*x-x"3, z-x"3>;

i I:=(yx—x3,z—x3)
[ We check whether it is radical or prime.
1> IsRadical(I), IsPrime(I):;

I true, false
[ 'We compute a GB for 1.
| > G := Groebner|[Basis] ( I, plex(z,y,x) ):

factor(G);
G:= [yx—x3,z—x3]

I [ (& -y)z-%]
| Under the chosen variable ordering, the GB is simply the given generators for I. The first

\ | polynomial factors, so we compute its factors.

N> £1,£f2 := x,y-x"2;

_ LR =xy-x
| We compute the quotients J=1: {f;)and K =1 : {f,).
> J := Quotient( I, <fl> );
K := Quotient( I, <f2> );
J::{-—z+yx,x2--y, —xz+y2)
I K ={(-z —x)
[ We check if J and K are prime.
| > IsPrime(J), IsPrime (K);
Gl := Groebner[Basis] ( J, plex(z,y,x) ):
G2 := Groebner[Basis] ( K, plex(z,y,x) ):

true, frue




Gl = {y—xz,z—x3]

| G2 :=[x,z]

T hey are. We can also see that J is prime because it is the ideal of visted cubic in C* - a
variety that is irreducible because it has a polynomial parametrization [x, ¥, z] = [ £, £,r],and K

| is prime because it is maximal. N07 <X, 2D T NOT sisxoenik v k l‘ng iy
] We also check that J=1-Kand K=1:J. e" g

1> Quotient( I, K );
Quotient( I, J };
(y-rz-yx,xz-y") /
U <x: Z>
Therefore the prime decompositionis/=J N K=(y - Pz=-x) N {x,z)
Since J = I(U) and K = I( V') where U is the twisted cubic and V'is the y-axis, we have W =V(I) =
| U U V as the irreducible decomposition of W. ”

=] Additional Exercise 7

[| We enter the ideal I that we will decompose.
1> I := <x™2-y, v 4-y*z"2, x*y 3-x*z"2>;

i

I I:=(x2——_v,y4—yzz,xy3wxzz)
[| We check whether it is radical or prime.
1> IsRadical(I), IsPrime(I);

true, false

] We compute a GB for 1.
1> @ := Groebner[Basis] ( I, plex(z,y,x) );
factor (G);

G=[y x|

I [y-o,—x(z+x") (z+2)]

[| The second polynomial in the GB, g,, factors into 3 irreducible factors.
1> £f1,£2,£3 := x,z-x"3,z2+x"3;

| 2, 2,98 :=x,z—.\:3,z+x3

. . & & 8>
We compute the ideal quotients of 7by (), () and ().
‘ LT 4 5
1> Pl := Quotient( I, <quo( G[2]1, £f1, x )> ); /
P2 := Quotient{ I, <quo{ G[2], £2, x )> );
P3 := Quotient( I, <quo( G[2], £3, x )> );
Pli= {9, ~%)

P2 = <X2 —y»y3 _Zza Xy-—z, Xz ——v2>

| P3={y- X, —xz —»_vz, '—J'3 +2%,—xy—z)
| We compute lexicographic GBs for these ideal quotients P,, P, and P;. /




G2
G3

W> @l := Groebner [Basis] ( P1l, plex(z,y.X) )i
:= Groebner[Basis] ( P2,
:= Groebner [Basis] ( P3,

plex(z,y.x) )2
plex(z,y,x) )i

-

[=] Bonus Exercise

Gl =[x,7]

G2 ::[y—xz,z—x3] /
G3::[y—x2,z+x3} ’

We can see that all 3 are prime ideals. P, is prime because it is maximal. P, 1s prime because it is

the ideal of the twisted cubic, and P, is prime becayse it is the ideal of the "negative" twisted
| cubic. We can also verify these with Maple.
> IsPrime(P1l), IsPrime(P2), IsPrime(P3);
true, true, true
We check that 7 is the intersection of P, P, and P;.
> Intersect( P1, P2, P3 );
I;

8 o

o7

2 .3 2
Z.EY —322 ﬁéﬁm

(-3 -y

(F-yy -y xy’-x)y
Tt remains to show that this is a minimal (irredundant) decomposition
that no P; is contained in another P,. We will do this by choosing polynomials g; € P, and

|| showing that each g; is not in the other P, (by showing that g; does not reduce to 0 modulo P)

at is, we need to show

[

1> Groebner [Reduce] ( G1[2], lex(z,y,x) );
Groebner [Reduce] ( G1[2], x) );
Groebner [Reduce] { G2[2], plex(z,y,x) f“}'féf ﬁ7££+ i S
Groebner [Refluce] ( G2[2], @3, plex(z,y,x) );
Groebner [Redluce] { G3[2], G1l, plex(z,y,x) ); #Ct(/"t\é 1""%
Groebner [Refluce] { G3[2], G2, plex(z,y,x) ); })gyf AL WrI Oy &

o Ml Fop

| Therefore We have a minimal decomposition for /.

A0S

[| We enter the ideal I. bﬁj’ < & Pl amad P z e

N> I := <(z72- 2)*(z"2-3),
v 5+y 3kz+y 3-3%y 4*z- 3xyt2%z"2- 3*y 2%z 3%y 3%z A2+3%y*z " 343%y*z
*2-z73*y"2-2"3+6- 5%z 2>;




|

[:=(y5+y3z+y3—3_v4z—3y222—3yzz+3_y3zz+3yz3+3yzz—z3y2—z3+6—522,

| (Z-2)(Z-3))
ﬂ To compute ﬁ , we first compute a GB for I (w.r.t. lexicographic order) and try to factor this GB.
1> G := Groebner[Basis] ( I, plex(y.,z) ):
factoxr (G);
G=[z'-572+86,
)’5+y32+y3 —3y4z«-3y222—3y2z+ 337 7° +3yz3+3y32—z3y2—z3+6—5z2]

[(7-2) (" ~3),

i y5+ysz+y3—3y4z—3y232—3yzz+3y322+3y23 +3yzz—23_y2wz3 +6—522]

1 Tt turns out that the original generating set is a (factored) GB for 1. Since it does not factor further
over Q, we must introduce an algebraic extension. The first polynomial in the GB gives two
choices of irreducible polynomial from which to construct the extension. We choose the first,

L 2.'2 —-2.

1> alias( alpha=RootOf( z"2-2 ) );

o

] Now we try to factor the second polynomial in the GB over Q(a.).
1> g := subs( z=alpha, G[2] );
factor(g):
g=
y5+y3a+y3——3y4oc—-3y20t2—3_v2oa+3y3cx2+3yoc3+3ya2—oc3y2—on3+6—5a2
P +1+a)(y-a)
g

T
GCD(g,—g)
| y
1> g red := simplify( g/gcd( g, diff(g.y) ) );
factor(g_red);

We compute the square-free part of this polynomial g, g,,,=

g_red:=y3—y2OL+y+yOL—2—0L

L 0P+ 1+a) ()

| g, is exactly what we expect it to be, given the factorization of g.

U Now replacing o with z we should have ﬁ = ((z2 -2) (£ -3), g..q)- We verify this with Maple.
1> J := <G[1], subs( alpha=z, g red )>;

IsRadical (J);

Groebner [Bagis] { Radical(I), plex(y,z) ):

J=( =546, -y z+y+zy—2-2)
true

| é_, — [24—522+6,_v3—y2-z+zy+y—zz—z]
| Notice that if we had taken the correct combination of the polynomials in the GB for / we would

/\i\ Ve wiih do ARl Ea S Sqac- hee mad 2°23 o

=1/ (bmhun 4o hise @ oracle (/’7'(4‘9 ) & el ] &l <-(J7
[ ﬁl"e»ft(fu“l mtcﬁ’ctoxl )




St

|

0

“ have seen that g (with z instead of ) isin I. Then we would have deduced that g,,,, is in q/}
without having to use field extensions.

”> factor( G[2]-GI Y
L / OGP +1+2)(v-2)

Scott Cowan
200034814
scottc@sfu.ca
>



