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- MATH 800 Assignment 6
_ (due August 10, 2006, 10:00)
. > restart;

- 535

=l a)

r

: . We enter the generators and compute a Groebner basis for ().
> F o= [y+x*2-1, x*y-2%yr242%y];
; G := Groebner[gbasis]( F, plex(x,y) );
ﬁf{xﬁ1—lxym7y+“ ]

L G=[4y -7y +3y, Xy=2y+2p,x +y-1 ]

By Proposition 1, the elements of R [x, y]/I are represented by linear combinations of the

monomials not in (LT(7)) = (LT(G)). The monomials in R [x, y] not divisible by y xyor

. x* are the 4 listed below.

[ > B 1= 1 /3 rX 2 ;

| [1,x,y,y*2] ) /f

| B=[1xyy]

" So the classes of these 4 monomials span R [x, y]/1. Also by Proposition 1, these 4

monomials are linearly independent modulo /, that is, the classes of these 4 monomials are

linearly independent. Therefore the set {[1], fxd bvl ] yz] } forms a basis for R [x, y)/Ias a
. vector space over R, with dimension 4.

It follows that R [x, y]/Iis isomorphic to R*, and we claim that the bijection ¢ : R [x, y]/ s

et

| I— R* defined by ¢(a, [1]+a, [x] +a, [¥] +a, D) = [a,, a,, as, a,] is an isomorphism.
Wehave 0(a; [1]+a, [x]+ a5 [y]+a, [°]) +§(b, [11+b, [x]+ b5 [y] + b, [1*]) =
[a), ay, a3, a1+ [b), by, by, b, ] = a;+by,a,+by,ay+ by, a,+b,]=
| O((ay + b)) [11+ (a, + by) [x] + (a5 + by) [¥] + (a, + b,) [Y*]) =
e [1]+a, [x]+a [y] +a, [¥"]+ b, [11+8, [x] + by [¥] + b, [*]) and
cdla [1]+a,[x]+as[y]+a, [yz]) =cla,aa5,a,]=[caca,c & ;=
dleai[1]+cay[x]+cay[y]+ca, ['])=¢(c(a, [11+a, [x] +a, [¥]+a, [¥*])). Soé
| ~ preserves vector addition and scalar multiplication, therefore ¢ is a vector space isomorphism.
=ib

1 ’— We compute a multiplication table for {[ 1], [x], 1, [yz]} in R [x, y]/I(w.r.t. lexicographic

| ] order, y <x).

: "> n := nops(B):
;;{ f M := Matrix(n,n):

| for i to n do for j to n do
1 M[i,3j] := Groebner[normalf] ( BIi]*B[3], G, plex(x,y) );
| od od:



P 7 S oy J

| X ~y + 1 2y =2y 51 mgy

| 5 3

55 y 2y-2p 5P iyz—jy

y 3,8 7,3 3. #
L * 2T T Y T

=le)
! " The quotient ring R [x, y]/Iis not a field. In fact, it is not even an integral domain. Consider

| 3
i [x] and [yz - %J in R [x, y]/I. Neither of these equal [0] yet their product is [ 0], so they

| are zero divisors in R [y Y v’
| > AGroebner[normalf] ( x, G, plex(x,v) )]*{Groebner[normalf} {
|\ ¥"2-3/4*y, G, plex(x,y) )] = [Groebner[normalf] (

fa x* (y*2-3/4*y), G, plex(x,v) )}]1;

Wj
| 3
|| [x] [},z_?,}:m

L =

: | We now want to compute the inverse of the class of /=1 +yin R [x, y1/I. We know that if
I
f
|
|
|

| this inverse exists, it must be represented by a polynomial of the form a, + a, x + ay+a, 3
'L and must satisfy the following equation.

[ > £ := 1+4y:

| £ inv := add( a[i]*B[i], i=1..n ):

I £*¥f inv = 1;

(1+) (a,+a, x+a3y+a4y?')—]

- We reduce the above equation modulo 7, equate the coefficients and solve for the a;,. We then
check that we have indeed found an inverse of [f].
‘ ! >VGroebner [normalf] ( £f*f inv, G, plex(x,y) );
‘ . [ coeffs( %, [x,y], 'm' }:
;Q; v {seq( 3[i] = "if (m[il =1, 1, 0 ), i=1..n )};

S |/ solve( %, {seq( ali], i=1..n )} ):

\/ subs({ %, £*f inv = Groebner|[normalf] ( £*f inv, G, plex(x,vy) )

. ¥

i 1] . " ( 5 3
: a+| e tvay+2a |y Ha+a, -2a,-"a
1 1 4 4 5 J \ a | < 4

]
!
i
i
]
¥
!

e 1 L

1]yﬁuszzx
/

Lo 11 i

Py =00, =1,— P ay+tay+2a,=0,0,+a, - 2(17—4 = )



MEETIAE S o
| 11y 23 v
f So the class of 1 — 7+ - is an inverse of the class of 1 + y in R [x, y)/I. Since we are in

|

|

| a commutative ring, we know that inverses must be unique. So we have found the inverse of
| the class of 1 + .

=5.3.10

( We compute a Groebner basis for the polynomials for the algebraic extensions xf «/-
. > G := Groebner[gbasis] ( [y*2-2, =*2-3], plex(yv;z) ):

{ 7 [':“—Jy—"]
| The possible monomials in the remainder representatives of Q [y, z)/I, I=(G), are the following.

§>B = [1,z,y,y%z];
| ,
|.. = {_ 1’::))1,1):]
‘F We now want to compute the inverse of f=x + y + z in (O [y, 2]/D)(x), of the form
L a,+a,z+a,y+a,yzand satisfying the following equation.
F > f 1= xdy+z:

f inv := add( afi]*B[i], i=1..n ):

£*f inv = 1;

(x+y+z)(a+a,z+a,y+a,yz)=1

We reduce the above equation modulo /, equate the coefficients and solve for the a,, We check
. that this gives the inverse.

i > Groebner [normalf] ( £f*f inv, G, plex(y,z) );

coeffs( %, [y,z]l, 'm' }:

{seq( $[i] = "if (m[i] =1, 1, 0 ), i=1..n )};

cf := solve( %, {seq( afil, i=1..n }} );
subs( cf, £*f inv = Groebner[normalf] ( £*f inv, G, plex(y,z) )
)¢

| simplify (%) ;
xay+2a;+3a,+(xa,+a,+3 a)y+(a,x+a, +2 a,)zr+(xa,+a, +a)yz

{xa,+a, +a, =0, xa,+a,+3 a,=0,a,x+a, +2(r;:0.xa1 +2a4;+3a,=1}

Pl g s e x4 £ -1 x (%" ~5)
iy S asl U, = T e g (,’3 = — “'_‘__—'—““—" aq =— A £ —_—
R0 10240 o108l M 10841

('x+y+:)(—x3+§x+: x‘z—"-"+x2y+,v—2xy:} 't
e TP 2 -

;Now letting y = q/gz—q/_wegetthat(x+q/‘ f)(al+a2[+a3q/5+a4f\r)wl




Eo 1 _

' | This means that r =————— equals a, + a, q/;+ a, ﬁ +a, 4/5\/5, the following

L x+\/5+«/§

| expression,

> r = simplify( subs( {y=sqrt(2), z=sqgrt(3)} union cf, £ inv )
! )5

j _x3—5x—«/53‘2+ﬂlgw,r2 r?fw«/‘-._+2x»\/2_\/3_

; 7o : -
' % Pt ke 1

. We check that this is the case.

. > evalb( simplify (expand( r* (x+sqrt(2)+sqrt(3)) )) = 1 ¥ 3

e
[ H lrue
- Scott Cowan

- 200034814

scottc@sfu.ca
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- MATH 800 Assignment 6
- (due August 10, 2006, 10:00)
_ > restart;

= 6.4.6
- | We enter the equations for the hypotheses and the conclusion.df the theorem.

2 hyp = [x[2]*(u{1]-1) = u[2]*(x[1]-1)¥ (x[1]-1)*24x[2]42 =
(ul1l-x[1])"*2+(u[2]-x[2])*2, x[4]*u[l] = ul2]*x[3],
b x[3]*2+x[4]72 = (u{l}*x{S])A2+{u[2]—x[4}}“2, x[6]*1 = 0*x[5],
I x[5]*24x[6]"2 = (1-x[5])*2+x[6]1"~2, x[8]*x[1] = x[2]*x[7],
x[8]1*(x[3]-1) = x[4]*(x[7]-1)];
concl := (x{BI—X[GI)*(u[IJ-XISE) = (u£21 ~x[8])*(x[7]-%[51);

3

=L (u = )=y (x - 1), (X‘l—l) + x7 -{u _‘a} + (U, =%, , Xy Uy =y %y,

i 5 5 9

% 2 2
I X3 +xy =(u —x;) +(u, **4} xg = 0. x; % X =(1=x5) +%; , 2%, =%, %,

1] P\J

| , Xg (25 ~1)=x,(x,~1)]

conel == (x, W (e Y (ol ~xg )} (o~ Xs)

[ We convert the equations into polynomials.
> H := [seq( lhs{e)~-rhs (e), e=hyp )1;
g := lhs(concl)-rhs (concl);

1

H=[x,(u; - 1)~ Uy (X, = 1), (x; -1 ); +x> = { Hy —% ) ~iiky =25 o, Uy — Uy X,

2 2 2 2 g
! Xy x4 — (U ~x3) -—(zzz—x_l),. , __{ “:}rxsw Xy X7, Xg (x5 = 1) —x, (%, - 1)]
[ 8= (% —x) (3 - x5) = (1y —x¢) (x,~ X )
.| To verify that the conclusion follows from the hypotheses, we compute a Groebner basis for the
- | hypothesis polynomials (with respect to the variables x,, ..., x), then we divide the conclusion
. polynomial by this Groebner basis.
>V o= [seq( x[i], i=1..8 )]; .
: G := Groebner[gbasis] ( H, tdeg(op(V)) ); P
Groebner [normalf] ( g, G, tdeg(op(V)) }; i
i Voo 3,2, X5, %5, 2o, X 20, %]
G=[3x;~t,3x,-1~ U X =1 +2 x5, 20, — 1y, —1t, + 2 X3 20 =ty =1t) + 2x, = 1]
0

~ The conclusion polynomial reduces to zero, proving (by Prop081t10n 5) that the conclusion follows
. from the hypotheses.

-648

_ We enter the equations for the hypotheses and the conclusion of the theorem.
> hyp = [(u[5]-ul3])*(u[6]-u[2]) = (x[11-ul3])*(ul4l-u[2]),
x[31*ul4] = ul[51*x[2], x[3]*(u[2]-1) = ul31*(x[2]-1), x[5]*u[6]



x[11*x[4], x[B]*(u[2]-ull]) = uidl*{efdl~unilly, x["i]*(u-tG]-—l)
x[1]*(x[6]1-1), x[71*(ul4]-ull]) = u[5]1*(x[6]-ull])];
concl = (x[5]-x[3])*(x[6]-x[2]) = (x[7]1-x[3])*(x[4]-x[2]);

hyp := {2, ~ ty) (U —uy) = (x;~u3) (uy — Uy )s Xy Uy =1s Xy, Xy (Uy = 1) = 2y (6, =1),

i

Xs Ug =X X0 X5 (M =1y )=y (X — ), %y (g — 1) = (x, — 1 )2 (uy =) = 1 (X — )]

concl = (xg~x3) (x5~ %,) = (x, —x;) (x, o

. We convert the equations into polynomials.

> H := [seq( lhs(e)-rhs(e) , e=hyp )1;

g := lhs(concl)-rhs (conecl):;
H= [ (g~ 1) (g — ) = (x; = 1y) (a1 — ty ), Xy Uy = Us X, X3 (U~ 1) — 115 (x, = 1),
X5 g =Xy Xy X5 {2y = 20y) = 1y (X~ 1) Xy (21, — 1) = X (X = 1), (s~ 0y ) - s (x, —1t,)]

B (8 — ) (=% 0~ {8~ %) (%, =%y )

. To verify that the conclusion follows from the hypotheses, we compute a Groebner basis for the

hypothesis polynomials (with respect to the variables X5 ...y X,), then we divide the conclusion
polynomial by this Groebner basis.
>V = [seqg( x[i], i=1..8 )];

G := Groebner[gbasis] ( H, tdeg {op(V}) );

Groebner [normalf] ( g, G, tdeg(op(V)) );

V= [ X0 Xy X, Xy, X5, X, %o, X ]
3 “ ~

G = [ 1t vy g + 15 x5 1y — Us Xg Uy = U3 Uy Xp o 2s Uy Uy = Us U Uy + Us Uy Uy — U5 X Uy U
U Uy X Uy o U Ug X Uy = U 1y Xg Uy U Uy X Uy~ s Mg Xg Uy + Uy U Us Uy + Uy 1, X5 U,

2 2
- Hj 1y Us 1 + s l({) e 3‘.1’5 Uy, g Xy 1!’2 I - g X Uy + s Uy i - s 't(a Uy u, +X6 g 1ty
iy s 2!6 By = gy Uy — Zi5 Moty & g iy Ug Uy -+ s .xu Z(Z Uy + U xo Lt b I, 11'5 ”b + by Up 1
bl )

- 1,'3 1‘.5"‘[ “I - Xg HS ?.f.i + X6 ?-'?_ Hb ?A'; ‘“JC(,- 1.’3 llﬁ H} +IU 14'_5 ;’:‘} “E e M3 H; o 213 Ziﬁ Uys Zt; ”3 x5 U(w

9

iy X5 I\'j f.’u + U5 .‘-275 g — l.f;, X ?!73 Uy "i'.Xi 1 HS 1y “”}CJ- My s Uy %.\fj i Uy ?-‘6 +JC5 Uy Uy 14’4
2 2
— 3 z'.-'(_, ”5 ”l + Uy 1y MS iy i Uy 1y Uo — iy Uy Uy, —I.£3 Xy Uy U, #+ Uy Xy e U, — H_; Xy H()— i,

+ 113 x% I[; HE + LE_-,; ”'l Hl ?.r'\) == Z:’:g f,{l; Li; ?Jl + X, Us Ia.'u l:’l -—x‘l s ?"l HU +x.1 1y ?.-'5 —-)Cl “5 l!q‘ le'}.,
Xy Us Uy = Xy Us = Uy X3 Uy + Ug Uy, Ug Uy Xy — Us Xy = Xy Uy Uy + Uy Uy,
s Ug = Us Uy = Uy Ug — Uy X + Uy X + Uy U |

2

0

- The conclusion polynorpffﬁ reduces to zero, proving (by Proposition 5) that the conclusion follows

_ from the hypotheses. '/

~16.4.10



" We enter the hypothesis and conclusion polynomials.
"> hl = x[2]-u[3];

h2 := (x[1]-ulll)*a[3]-u[2]*x[2];

h3 x[4]1*x[1]-x[3]1*ul3];

hd := x[4]1*(u[2]-ull])-(x[3]-u[l])*ul3];

g = x[1]172-2%*x[1]*x[3]-2*x[4]*x[2]+x[2]"2;

It

hl = x5 — ey
: r
} } e f ' ’ .Y ’
12 = (X ) Uy — Uy X

h3 = x,x; — X3 U, ‘-/ _
Bt = x, (uy—u)) = (X3 — 1) 1 l/

g ::;\clé—?.x¥ X3 —2x,x+ X, ‘l/
We compute the reduced Groebner basis for (A, hy, by, By, 1 =y g)to see that itisnot {1}.
> Groebner[gbasis]{ [h1l,h2,h3,h4, 1-y*g],
tdeg{ull]l,ul2],ul3],x[1],x[2],x[31,x[4],y) )

[y + 13, Xy 1y = Xy Xy, Xy Uy X3 X = Xy X5 Uy Xp == X) Xy Uy X,

"
2 2 /

ol 4 px -3y B o e e =
l+yx, —2yx % —2yX,X+yx%, ]

=i a)

i
i
|

[ We compute the lexicographic Groebner basis for (y, h,, i3, hy).
T> vV := x[1],x[2]1,x[3],x[4],a[l],ul2],ul3]:
G := Groebner[gbasis]{ [hl,h2,h3 h4], plex(V) )’

1

|

i 2 2 2

D G [2xgupuy— gy, 2x ) =200 iy — Uy Uy U T U

L 33;:37.»12,@—%%—% 7-35.‘»2‘—3-{3~X} I’j——ui 2‘:3“?.’zi:‘-s..\,i.\.;‘f“l_‘lﬂ'—,\4!;2*!;]1[31

" We reorder and label the polynomials in this basis to match the example in the text.
"> for i to nops(G) do f£]li := G[-i]/lcoeff( G[-i], (vl ) od;

JT =% xy+x 0 — 2% Uy — Uy Uy

™Y e am N N
; f2 =%, Uy — 1ty Uy — Uy Uy

13 =0

JA =Xy uy t X U - Xy Uy - 1 Us

. 2 I 2 1
fIExguy —x vy — U Uyt U Uy U
3 1 7
JO =X 0y iy = T Uy

_ Now /, factors:



> factor(£2);
] ity — =)
S0V S far fan S ) = VU S S S Jg) 0 V() =
VU S te s Te) N (V(x, —u;—u,) U V(uy)) by Lemma 2 of section 1.2
=V b e fs S 0 Vi —uy —1)) O (Vi fufa o o) 0 V()
=V Fo fos Jor Joo X1 — w4y — 4y} W V(f, 15, foo fo [ 43) by Lemma 2.
Alternatively we can check that
ox — i — g S S S Jsd O s s oo Jao S5 Js) = i Sos Js S S50 Jg ) Then
V((fiax] - M] - MZajaa_ﬂ.an:fé)) o V((fi: M})_}%Jﬁ:fé:.}%)) =
V(5= = s S SerSorfi) O oo s Fo Fi Fir Jo0) = V(o o onFr S5
> Gt := Groebner[gbasis] ( [op(expand/(
t*¥[£),x[1]-ul[l]-u[2] ,£3,£4,£5,£6] }), op(expand(
(1-t)*[£1,u[3],£3,£4,£5,£6] ))]1, plex(t,V) ):
remove{ has, Gt, t );
evalb( % = G );

| 5 5 i
| (200 0 oty =2y vy, 20 0y =200, 0y 4ty — By Uy 1 Uy Uy, X Uy + X Uy = Xy Uy = ) Uy,
Xo =My Xy Uy — My Uy — Uy Us, Xy Xy H X0 U~ Xy Uy — 1| Ty ]
trie
b, ¢)

~ To further decompose these varieties, we compute Groebner bases for
L ey =y = Fs S s b (st s s s J» end Factor-them,
© > Groebner[gbasis] ( [op(G), x[1l]l-u[l]-u[2]1], plex(V) );
factor (Gl) ;
G2 := Groebner|[gbasis] ( [op(G), ul3]], plex(V) );
factoxr (G2) ;
| [2 %yt =t 1y, 2005 1y = 230, Uy — Uy Uy Xy — Uy Xy — Uy — Uy |
[t (=2 X+ 0 ), 2005 Uy =~ 2 X4 05— Uy Uy, X — U5, X — B — 113 |
0l Pl W, =R, R, R R
] [msmmy (g = ol ]
" The possible solutions from T Jor fs J1s /s /o are as follows:
-u;=0andx, =0
-u;=0andx, #0sou =u,
~us# 0s0ox =u; +uy,andu, =0
Uy

-u3¢050x1:u1+u2,andu1¢080x4=?.

These correspond to the varieties U, U,, Us, V' respectively.
. > Groebner[gbasis] ( [op(G), x[1]-u[l]~ul[2], l-y*u[l]l*u[3],



]

x[4]1-ul3]1/2}1, plex(y,V) ):

Vp := remove( has, %, ¥y )’

Ul := Groebner[gbasis] ( [op(G), ul3], x[41], plex (V) );

i Groebner[gbasis] ( [op(G), ul3], ull]l-ul2], 1-v*x[4]11]1,
plex(y,V) ):

| U2 := remove( has, %, v )’

1 Groebner[gbasis] ( [op(G), x[1l]-u[l]l-ul2], 1-y*ul[3], wl[ll],
E plex(y,V} ):
|

U3 := remove({ has, $, v }; Y
| Pp = [2x, — iy, 2y — Uy — Uy, Xy — Upe X — Uy — Uy ] 4 )
; = \ e
‘ U = [ty % %3] v'<£
U2 = [y, 1 — Uy, X5, 6l y g

U3 1= [y, %, 1y = X Uy, Xy — U3, Xy — U] ¥ "

d)
t 1+, &

| Now V' can be parametrized by u, = f;, sy =y, Uy = L, X; = 1) + by, Xy =13, X3 =

U, can be parametrized by x,, x,, u; =0 and x; =1}, X3 =, u) =13, Uy = 1; U, can be

parametrized by x,, X,, #; = 0 and xy = 1}, X4 = tp, u; =3, U, =133 Uy can be parametrized by

f - LG

u =0and u, =1, uy="1), X =1, % =), X3 =13, X, = —r— Then by Propositions 5 & 6 of
“\, 1

section 4.5, these 4 varieties are irreducible. So V=(V' v U)) v (U, v U;)isa

. decomposition into irreducible varieties.

"> Groebner[normalf]( Vp[2], Ul, plex(V) ), Groebner [normalf] (

vpl2], U2, plex(V) ), Groebner [normalf] { Vpl2], U3, plex(V)

) ¥

| Groebner [normalf] ( Ul[2], Vp, plex(V) ), Groebner [normalf] (

i Ul{2]1, U2, plex(V) ), Groebner[normalf]( Ul[2], U3, plex(V)

| 33

!

v Groebner [normalf] ( U2[2], Vp, plex(V) ), Groebner [normalf] (

} U2[2], Ul, plex(V) ), Groebner [normalf] ( U2[2], U3, plex(V)

| Y

Groebner [normalf] ( U3[1], Vp, plex(V) ), Groebner [normalf] {

U3[1l], Ul, plex(V) ), Groebner[normalf]( U3[1], U2, plex (V)

}i

=

2

2x;-u v 20y =2 Ugy 2X5— Uy

I

Vs s

13 |

U, — lay Ty Uy, — 1/



Do Wy Uy, Uy
" The previous calculation shows that each of the ideals corresponding to ¥, U, U,, U,
uny / | contains a polynomial not in any of the others. It follows here that none of these varieties is
d\ P ' | contained in any of the others. Therefore we have found a minimal (irredundant)
- ] decomposrtmn for V.

- e)

_i The conclusion of the theorem is valid on the component ¥ ', as shown by the following
| calculation.
! | > Groebner[normalf] ( g, Vp, plex(V) };

0

' =ID
- | If we work with the alternate polynomials h, ', hy, ' We get the following Groebner basis.
7> hl := x[1]-a[1]-u[2]:

| B2 := x[2]-u[3];

G := Groebner[gbasis] ( [hl,h2,h3,h4] ; plex (V) );
factor(G) ;

hi: X, — Uy~ U,

fa Y o= e
B2 o=y,
| S P8 55 0 ol dp oy . _ T
P Go=[2x, 1) ~upuy, 20503 -2 x, 10, — 11, U, Xp — U3, X — U — U, ]

; [~u, (=2 x,+uy), 2Xy0y =2 X, 0, — U, Uy, Xy = U X = U — 1,

The first polynomial in the basis factors, so the corresponding variety W =V(h, , &, ’, Fs )
. 1s reducible into at least two components. We compute these.

I > Groebner[gbasis] ( [op(G), ulll], plex(V) );

factor (%) ;

| Groebner[gbasis] ( [op(G), wu[3] -2*x[411, plex(V}) );

| factor (%) ;

[y, X3 U3 = X, Uy Xy~ 105, X, — 1y ]

Loy, %5 03 — X 1y, %5 = 113, ) — 10, ]
(22, =1, 2x3 0y~ 0 1y — 1y 1. X0 — 1 =y~ |

™N (230 = 03, 25 Uy = 20y 1y = Uy U Xy = Uz, X = 20 = 21y
\';l ; (23, =2y =13 (<235 + 04y +105), 5, — 103, X~ Uy =y |
\ - T The second component is also reducible. We decompose it.
f "> Groebner[gbasis] ( [op(G), ul[3]1-2%x[4], u[3], l-y*u[l]],
. plex(y,V) ):
i remove({ has, %, v );
Groebner[gbasis] ( [op(G), u[3]-2*x[4] r 2%u[3]-ull]l~u[2],
l1-y*u[l]*u[3]], plex {v,V) }):
remove( has, %, y );



&

[y %4, %5, Xp =8~ 5] ‘/

DU . DX — e — g s v bl ©
[2 0+ +uy, 2x, — 1y, —tty + X5, %, By Xy 2 Wl ]

. [ Sohere W is the union of 3 irreducible components.
- Scott Cowan
© 200034814

scottc@sfu.ca
ros



" MATH 800 Assignment 6
_ (due August 10, 2006, 10:00)
> restart;

- Additional Exercise 3

We enter the generators for / and compute Groebner bases w.r.t. plex and tdeg orderings.
> F = [x"2+y+z-1, x+y*2+z-1, x+y+z*2-1];
Gp := Groebner[gbasis]( F, plex(x,v,z) );
Gt := Groebner|[gbasis]( F, tdeg{x,v,z) ):
F=[+y+z- 1..1:—#}22 - LN P = 1]

-

5 -6 4 32 2 - 2 . o
Gp=[z"-4+47 =g 2y r L —2 ~y—z +,x+y+z —1]

Gti=[x+y+2-lLx+yY+z-1, 5 +y+z-1]

~ The monomial basis for C [x, y, z]/I w.r.t. a certain monomial ordering is the set of monomials not

in (LT(1)) = (LT(G)), where G is a Groebner basis w.r.t. that ordering. The monomial bases
w.r.t. plex and tdeg orderings consist of all monomials not divisible by any of {z°, y 2%, yz, x}or
(2,95 }, respectively:
> Bp = {seq( z*i, i=0..5 ), v, vz};
Bt := {seq{ seq( seq( x"i*y*j*z*k, k=0..1 ), 3=0..1 ), i=0..1
)}
Bp=1{1,zp 2, ?5.”;"_} 7

={l.e s vz eV 20272}

~ These bases both contain 8 monomials, so dim(R) = 8 where R = C [, y, z]/I. By Proposition 8

of section 5.3, there are at most 8 points in V(7). Since there are actually 5 points in V(7), this is
correct.

Now we need to compute J = '\/} . We begin by factoring the first polynomial in the plex Groebner

| basis for I,
' > factoxr (Gpl[l]);

s

(P 42z-1)(z-1)
'\/} must contain the square-free part of this polynomial, which we compute.

© > g = simplify( Gplll/ged{ Gp[l]l, diff(Gp[il,z) ) ),

g=(2 4+ ~32+41)z .

(gl, plex(x,y,z) };

~ We add this to the generators for 7 and compute ;}zw Groebner basis.

> Grp := Groebner[gbasis] ( [op(?‘

factor (Grp) ;
Gm’“[:l—h -3 4z ZHV—t—“ ——z,yzwy—:j+:,x+,}'+:"‘-17]

G- +2z-1),2Q2p+F = 1), ~«(y+z2=-1)(z—p),x+y+7 —1]

- The ideal generated by this basis is indeed radical, so this is a Groebner basis for J = \/_ I w.r.t. plex

ordering. We also compute the Groebner basis i'w.r.t. tdeg ordering. o ek
S iV

| .Puj(w{ nJm
gl 87 T



. > GEE = Groebner[gbasis] ( Grp, tdeg(x,y,z) ):
Lo factor (Grt) ;

Grt:=[x+y+ —l,xz=zy,x ¥ FZ-lx Y-y +yez-1]

_ [x+y+2"=1,z (x=3), x5+ +2 - Ly(x-z).x° +y+z-1]
| As before, the monomial basis for C [x, ¥, z)/J w.rt. a certain monomial ordering is the set of
| monomials not in (LT(J) ) = (LT(G) ), where G is a Groebner basis w.r.l. that ordering. The

: - monomial bases w.r.t. plex and tdeg orderings consist of all monomials not divisible by any of

{za,yz,y2,x}or {zz,yz, xz,xy,xz},respectively:
/ | > Brp := {seq( z*i, i=0..3 ), v}:
! Brt := {seq( seqg( ¥Y*i¥zAk, k=0..1 3, J=0..1 ), x};

-

oo 23
prps= L2082y

|
||
Bri={1,x2zy,zy)}

5 .— These bases both contain 5 monomials, so dim(R) =5 where R = C [x, y, z]/J. By Proposition 8

| . of section 5.3, there are exactly 5 points in V(.J) = V(7), which is correct.
- Scott Cowan

| 200034814

scottc@sfu.ca

>



" MATH 800 Assignment 6
_ (due August 10, 2006, 10:00)
. > restart; -
© We load in our code for the FGLM algorithm from the course project. We will use this to compute
- GBs w.r.t. lexicographic order from GBs w.r.L. total degree (grevlex) order whenever Maple is too
~slowin computing GBs w.r.t. elimination order.
- We also create a procedure that will save us most of the typing in setting up distance equations.
' > d2 := proec( ptl, pt2 ) return (x [pt2] -x[ptl]) *2+ (y[pt2]-yIptl]) 2
‘ end:
d2(1,2) = r°2;

2 2 9
("’CQ -Xx ) + (}’w_ “_)f'|) =¥

=, The 10 Circles Problem

|| Note that the calculations for each arrangment culminate in a labelled plot of the 10 circles. This
. | provides the circle numbering scheme referred to in each part.

|

1 ,—,_] S~ e §

‘ =i a) :)ﬁﬁzv Mo Jowr” /6?ﬁfh4€ ,

- We input the boundary, symmetry and distan&e equations for the first arrangment. Boundary
equations specify which coordinates are touching the outside of the square. In this

| arrangement, symmetry is found over the diagonal line through [0, 0] and [1, 1 ] (the line

y = x) between circle pairs (2, 4) and (7, 9), and over the diagonal line through [1, 0] and

[0, 1] (the line y = 1 — x) between circle pairs (2, 7) and (4,9). Distance equations (with
distance m) are specified for every pair of touching circles. When the circles are separated by
a line parallel to one of the axes we give a simplified linear constraint rather than the general

: quadratic constraint.
' Free circles: In the arrangement, circles 3 and 8 are free. We fix them to lie in the corners

' [1,07and [0, 1] respectively so as to provide a unique solution for the position of every

Lcircle.

> bdry := [x[1] = 0, yI[1] = 0, y[2] = 0, x[3] = i, y[3] =0,
x[4 = 0, x[7] = 1, x[8] = 0, vIB] =1, ¥[9] = 1, x[10] = 1,
. y[10] = 1];
o symm = [x[2] = y[4], y[7] = x[9], x[2] = 1-y[7], y[4] =
L l=x{9]1v

- dist = [x[2] = x[11+m, y[4] = y[1]l+m, d2(2,6) = m* 2, d2(4,5)

= m"2, d2(5,6) = m*2, d2(5,9) = m*2, d2(6,7) = m*2, y[10] =

yI[7]1+m, x[10] = x[9]+m];

[ bdry =

| [¥,=0,0,=0, =0, x,=1p,= 0,x,=0,x%,=1Lx,=0,p,=173,= Lxpy=1y,=1]
Symm =[x, =y, Y, =Xg, X, =1 — Ypyy=1-x,]

A

H 3 -~ 2 2 :‘ 2 2
L dist =[x, =x,+m, p, =Ytm, (X —2y) +(¥y—yy) =, (x5 - X)) Hl—p) =nr,



(x4 -x?_)q + (¥ — Vs )q =m (s ) + ¥y —¥;s ‘7 =, (x XX} S0 ——yé){' =,
l_ Yig =Y, + M X=Xy + ]
" We construct a polynomial basis from the given equations, along with a list of the appropriate
. variables.
> F := [seq( subs( bdry, 1lhs (e) -rhs(e) ), e=[op(symm) ,op(dist)]
DR
V := map( z —-> "if ( has(F,z), z, NULL ), [seq(
op([x[il, y[il]l), i=1..10 )] )~

L 2 2 9
Fi=[x—YpV;=%g X~ 1y ¥y — 1 + %5, %, — 11, Yy — 11, (X %) F ¥ —WH 3

xjn + (s — Yy )ﬁ —m’, (x5 — Xs }_' + (Vs ~y5)_ — it (xy—xs) +(1=p) - m’,

2 2 -
F=x,) +(y;—¥5) —m“)',]—y ~m, 1 =xg—m]

Vo= [Xy, Yys Xgo Ve Xge Vs Voo Xo]
We compute an elimination order GB for the polynomials.
> G := Groebner[gbasis]( F, lexdeg( V, [m] ) J:
map (indets , G} ;

——

[{m}, {m,xo}, {m,p7}, {m, ye by L. e X} {f-ﬂ,yé,}'5 Vo fmyeins by {0 ) 1635 5
Lo, v by A Vo % b 190 Vg xs.)'q, X b {0, Ve X Vs 3o {0 Yo X5 Vs X 5
{71, Yo X0 V5o X6 1> {1 Yo X5 Vs X §s 1 M Ve X5, Vs x4
| The first polynomial in the GB is in m alone (as desired). We factor it.
"> factor{G[1]);
2 i 6.3 5a.4 :
m (=1 (Tm +8m =20m" + 16 m—4)
Along with the desired result are factors for the solutions m =0, m = 1. These are invalid
solutions for the Circle Packing problem, so we recompute the GB, this time including the

| constraint that m = 0, m # 1.
[ > G := Groebner[gbasis]( [op(F),l-z*m*(m-1)], lexdeg(

[op(V),z], [m] ) )
map (indets,G) ;

G=[7 w8 —20m  +16m—4,28z+77 e+ 116 m° — 160 m + 156, —1 + Koy M,
yot+m—1, 16y, +7 m’ +8m" ~18m, 16 Xy =T m’ — 8 mi* + 18 m— 16,

16y,~7 e~ 8m + 18 m—16, 16 ¥y 47 m’+ 8 m — 18 m, Yy =0, %5 — 1]

[{m}, {m, z}, {m xs}, {m,y}, {m, v}, {my X}, {m, ys ) {m,x}, {m, y,}, {m,x;}]
. > factor(G[1l]1);
! 3 3 ) /
Tm' +8m =20m +16m—4 |
Th1s time the GB contains the desired minimal polynomial for 7z with no extra factors. We

g can now compute 71, the least positive root of this polynomial, and the corresponding radius of
- the circles.



[> solve( {G[1], m > 0} , {m} )~/
m := subs( allvalues(%), m };

evalf (m) ;

- +
7 7 7
0.419542092
> r = evalf( m/(2*m+2) ); L///
r=0.1477737414

[ This is the correct radius for the first arrangement. Knowing m, we can also use the GB and

1 I

our original constraints to calculate the exact coordinates of all 10 centre points of the circles.
~ We do this, and plot the arrangement.
(> coords := solve( {op(G[2..-11), op(bdry)}, {seq(
op([x[il,y[4i11}, i=1..10 ), =z} )}/
coords = {y;p=1Lx;=Lxg=0,p5=1Lyy=1. %= Lx,=0,x,=0y=0p,=0x=1
2 4a2 5044442 2 442 Wf50+4442
yo=0y,=-"- F | Ry oo e + 3
; i 7 7 “ 7 Fi 7
o 442 044442 11 42 J2 450+ 4442
Xg=T+ - - g, g - .
AT 7 14T 14 28 ‘
) 1145044442 34245044042 3 42 J2 450+ 4442
T 98 49 SCREVIREVE 28 ’
3 2 245044442 11 A2 24504442
L et + R - y
“T 14 14 28 Y7147 14 28
0 4402 45044442
ety T g

i‘>for i to 10 do

L CIi] := plottools[circle] { subs{ coords, [x[i]l,¥[1]] ),
! m/2, color=blue ):

! od:

i T := plots[textplot] ( subs ( cooxrds, [seg( [x[i],y[i] i1,
| i=1..10)1) ):

| sg := plottools[rectanglel( [-m/2,-m/2], [1+m/2,1+m/2] ):
1 plots[displayl ( SQ, seg( C[i], i=1..10), T,

} scaling=constrained, axes=none, title="Packing A" )};
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F>m = 'm’:

| We input the boundary, symmetry and distance equations for the first arrangment. Boundary

! equations specify which coordinates are touching the outside of the square. In this
arrangement, symmetry 1s found over the diagonal line through [0, 0] and [ 1, 1] (the line

¥ = x) between circle pairs (2, 4), (6, 7), (8, 10) and 5 with itself. Distance equations (with
distance m) are specified for every pair of touching circles. When the circles are separated by
| aline parallel to one of the axes we give a simplified linear constraint rather than the general

| quadratic constraint.

> bdry := [y[1] = 0, y[2] = 0, %[3] = 1, x[4] = 0, x[8] = 1,
yiol =1, yI[10] = 1];

symm := [x[2] = y[4], x[5] = y[5], x[6] = y[7], y[6] = x[7],
vi8] = x[10]1;

’ dist := [d2(1,5) = m*2, d2(2,3) = m"2, d2(2,5) = m*2, 42 (2,7)
=m"2, d2(3,7) = n*2, d2(4,5) = m*2, d2(4,6) = m"2, d?2(4,8) =
m*2, d2(5,6) = m*2, d2(5,7) = m*2, d2(6,7) = m*2, d2(6,9) =
m*2, d2(6,10) = m*2, d2(7,8) = m*2, d2(8,10) = m*2];

bdry = [y =0,3,=0.x;=1,x,=0,x=1, 5= Lye=1]

SYIN == [ Xy = Yo X5 = Vso X = Yo Vo = Xqs Vg = X1 ]



| ~

i . 2 : - ) "

: dist = [(x;-x,) + (¥ =¥t =m0 (X -%) Fy-y,) =,

, g 2 Z 2, 2 5
Xs=X) H(vs—xy) =ml, (- x,) + (¥;=3a) =m" (%, —x5) +(y, —y;) =m,
_ 2 - 2 2 4 2 - S
(¥s=x) +(rs—y) =m", (x,-x,) + (V=) =mt (xg~x,) +(Yo—Yy) =m",

2 A

2 i g 2 5 2 2
(X5 =X5) + (Vg =ys) =m", (%= x5) +(p,-y5) =nt", (X3 =x6) + (= ¥5) =m’,

2 ) 2

(X5~ ¥ + (Vo=¥¢) = n, fonyn s, Y Vio—~Ve) = w, (xg~x;) + (Ve — ) = n.

L (X1g=%5) + (V=) =m’]

[ We construct a polynomial basis from the given equations, along with a list of the appropriate
| variables.

| > F := [seqg( subs( [op (bdry) ,op(symm) ], lhs(e)-rhs(e) ), e=dist
Y1:

V :=map( z -> “if ( has(F,z), =, NULL ), [seq(

op([x[i],y[1]1]), 4i=1..10 )] );

5

_ 2 2, 2 2
F=l(y;—x) +y, —m", (1 =3 ) Yy = m

a
L

! e} 5
A Vy=Ha) Y5 — o,

(X;=yy) +y, —m, (x;=1) +(;—-y;) —m Vs=w) +y, ~m,
2 2, 2 2 5, 2 & B
(Xy=yg) +y; —moxy +(1=y,) —m, (Vr—¥s5) +{x;~ys) —m",

—nt, (%g=1,) +(1~x,) - m",

bl 2 2

5 2 2
(7 =Ys5) - (x,=ys5) =", (% =y, ) + (¥, — X5)

! 2 2
2

2 2 2 4 2 2 5
| (x1g=y7) +(1=x;) —m (Xig=Y7) +(1=x;) =" (x,—1) +(1 —X;5) —mi']

[ V=120, 730 g Vo X0 Yo X, Xy4]
We compute total degree order GB for the polynomials... (Maple is too slow computing the
elimination order GB)
> G := Groebner[gbasis] ( F, tdeg (op (V) ,m} ):
map (indets ,G) ;

i

] ' r - - . - % ~ ' ) ] - ;1
[ a3 b {mxyo b fom, g 3. %0 1, UM 200 s %95 X9 Y5} {0, X100 7, %5, X732 Y5 5
{000 7 X7 1 A, X000 V0 X X3, 0 b {00, Y43 V3s Xon Xu Vs 1o L 192 X 0 3o X 2, 2 )
T T AT S U 00 Vs X Xy Vs §o AT Yga Y30 Koy X3 Vs §o UM X, Vgs Xgs X70 Vs s

£ . 1 f ¢ 4 i y g .- v iy s o
VI X Vgs Xy Xy Vs ts L, Xy Vg ¥ge X5 Xy 3 VI, Xy, Vs ¥s {”L}"p Xgs Vs ¥ VL Vi Xy | 2

o

¢ . ’ . . = ! e e .
LI, XXy Yo by X 00 Xos X5 V5 }o {072, X - Xgs X732 Vs s L M X100 s Xogs X Vs B,

§ - e e s Lo g 2 x . o § 4 i
VI Xy 00 Xga Xy Vs fo 4010 X s Xgo X0 V5 3y {00, X0 Vi Xgu X005 30 { 12, X 1gs Xgs X7s Vs 3

] g —————

L, X s Xy X7, Vs 34 § Xigs X Xg s {12, X, Xy X, Vs 3o {11, X105 Xgs X72 Vs } ]
.. and use FGLM to compute a lexicographic order GB.
> GL := FGLM( G, [op(V),m], LTgrevlex, [op(V),m] )[1]:
map (indets,GL) ;

IS

i
{ Sy v b S g e P | o 5 PRI T 1 " 3 , TR
[{m}, {m x,}, v Xy by {m xg b {myxyx Y, Imyxg ), M, Ya ts {1, X0, 95 g b

! { v ] TR s U fam 1o i g
UL X0 33 Xg o {0 Xy, V0 X by L, %y ), {12, 0 X, X4 1, 12000 X9 3y 3o { Xy Vs %5 ),



i3 ' - ¥t " s - - P (. " sy}
VM X100 Vg X 50 {00 Vs b {0 X g Vg, Xge X, Vs b {1, X100 ¥gn Xga X9 Vs J o

A o f : e { o T Ewr
U X0 Vs Koo Xgs Vs o A X 00 Ve Xy X Vs 3, {2, Xy00 Vs Xgs X0 Vs o {110, ¥y )

( . 5 1 g o wr v wesw 53 L P s mw am w W
VI X100 Yo Vs X9p X0 Vs 55 L 810, X g Vo Vs Xgs X0 Vs |3 100 X1, Vg, V30 X0 X5 3,

§ . . “ T THET T O [ I P - - 1
UL X192 Vs Vps Xou X3 Vs bo {00, Y Xg 35 10, 33 14 [, x40 o Xgs X7, ¥5 } ]

. The first polynomial in the GB is in m alone (as desired). We factor it.

R e

> factor(GLI[1]);

mz(]_Zl mt =112 m° + 16)
Along with the desired result are factors for the solution m = 0. This is an invalid solution for
the Circle Packing problem, so we recompute the GB, this time including the constraint that

m#0. ‘v/

> G := Groebner[gbasis] { [op (F) ,1-z*zﬁ] . tdeg(op(V),z,m) ):
GL := FGIM( G, [op(V),z,m], LTgrevlex, [op(V),z,m] )[1];
map {indets, GL) ;
GL:=[121m" ~ 1120 + 16,16 2+ 121 m* = 112m, 11 m® + 20 x,, — 16,
205y~ 8+33m°, 10y, — 6+ 11 m", 20 x, — 16+ 11 %, 20y, — 4 — 11 ",
2 : R 2 :
10y, —4-11m", 20y, - 8+33 m", W0x, —11x, m —4x,]

e g7 v L ; . 5 [ R e 7
[{#}, {mezl, {mx ) {m, Xgf. Amyyy}, (o xy), UM Vs b Ay s i vy Y, {myx )

]
Rimt-112m%+ 16 /

> faator(GL{ll):

' This time the GB contains the desired minimal polynomial for m with no extra factors. We
| cannow compute m, the least positive root of this polynomial, and the corresponding radius of

the circles.
> solve( {GL[1], m > 0} , {m} ):
m := min( seqg( subs(allvalues (e) m), e=% ) );
evalf (m) ;
{m = RootOf{ —RootOf( 121 ____‘7,2 + 16112 Z 0.1765205277)+ Z 0.4201434609) 1.
{ m = RootOf(—RootOf( 121 ___22 +16-112 7, 0.7490993070) + _mZz,_ 0.8655052322)}
-
342 A6
11 11
0.4201434606

i =

> r = evalf( m/(2*m+2) ) ;
r=0.1479228938

~ This is the correct radius for the second arrangement. Knowing m, we can also use the GB
~ and our original constraints to calculate the exact coordinates of all 10 centre points of the
| circles.

> coords := solwve( {op(G[2..~-1]), op(bdry), op (symm) ,



—

;Ly\ F/.:

- op(dist)}, {seq( op([x[i],y[il]), i=1..10 Yo 2} i

5 A2 s e 6 A2ds 6 V246
i‘ coords .~~1J\5=11— 2= p + 1 ,,\m:“ + - .:;7=11 -
| i &5 e
ST 2y T Lyo=1lx=0,%=0=0y,=0x=1,
s _
10 4246 4 34246 1 42406 6 246
i 4 RPN YS — ]‘H x{) = ﬁ..__._....._._.m,.: },7 B T 3 }’:,\, — e
| 111 TR T T TR
6 246 10 246 5 2 I 3246
_,’o=_+_M_"_‘,Xa:_—_“—_—QV;:M_————M:XG:__"'J' = N
it o2 T o BT T » i 11
5 4246 10 2 52 g 6 /246

N Y (3

,17_?;4—' 22 "y"‘;:uﬁur" 22__“"-}’!0:1’)'9:19x4:0-*}’1:Or}'zzosx}:]-

[ - I s oy e

poml0 d2dls 4 3adfs 1 s 6 oads

UL o CRTREMTTy 2 7T o1 Tt
5.4246 10 a6 s fafe 1 f2fe

X o= e
A4 T

Y, S p Xy =TTy = ,
L TuT o BT T BT T

[ We get two solutions! They agree completely except in the x-coordinate of the first circle:
| > coords[l] minus coords [2], coords[2] minus coords {1l

10 /246
R
L 11 11
| Does this mean that there are two possible placements for the first circle that both give a

packing with the desired circle radius? Closer inspection shows that x; = x, in the second
solution, thus placing circle 1 on top of circle 2. This is no good. We add the additional

| constraint that x; # y, (since x, = ¥, from symmetry) and recompute from the GB onwards.
[>m := 'm':

| G := Groebner[gbasis]( [op(F),1-ztm (x[1]1-y[41) ],

! tdeg{op(V) ,z,m) }:

# GL := FGIM( G, [op(V},z,m], LTgrevlex, [op(V),z,m] )[1]:

| map (indets,GL) ;

i factor(GL[1]) ;

| GL=[121m" = 112 m" + 16,320 2 — 4719 1 + 3884 m, 11 m*+ 20 x,,— 16,
 20x,-8+33mA 10y, — 6+ 11 m’, 20x, — 16+ 11 7 20y5—4— 11 m?,

10y, =4 -11m", 20y, ~ 8+ 33 m*, x, ]

[{m}, {mz}, {m, Xppts 10,50}, {m, 3,3, {m, Xyt Annys b {m.y 1, ¥yt (%} ]

] 1:};71*‘%11:;;:%16



- > solve( {GL[1], m > O} , {m} );

m = min{ seq( subs(allvalues(e), m), e=% ) );
evalf (m) ;
r = evalf({ m/(2*m+2) ) ;

{m = RootOf ~RootOf( 121 _Z" + 16~ 1127 0.1765205277) + 77, 0.4201434609) !
{m=RootOf( ~RootOf 121 _Z"+ 16— 112 _Z, 0.7490993070) + 7°, 0.8655052322 )

542 A6
= =
11 1

1
0.4201434606
F=0.1479228938 l/
We still get the correct radius for this arrangment. We recompute the coordinates of all 10
centre points, this time getting a unique solution, and plot the arrangement.

> coords := solve( {op(G[2..-1]), op(bdry), op(symm),
op(dist) }, {seq( op{[x{i},y{i}}), i=1..10 )}, =z} );

: C()()F‘Cf.ﬁ‘ ; {3‘55 = ) 1 - m'"‘:'z“i'_"", xm = "l“l_ “"""55"""'", g = 'i"]' i""
4 246

“’:_TI+"MTT_“LW Lyy=lLx,=0,x=0,3=03,=0x=1,

Lo s e aqasls L V246 6 4246

3.7 - ‘ s Xg = L, Xy = —7 s Vg = Ve = T ~ ?
11 11 TR 11 11 22
7402 546 6 4246 10 7/6 £ oFdie

o _fgfm_.____ s ey FEHE, L3 4246

) 8§ % 11 9% ET 1y g 8T 22
1 \f 6 6,

A
TREET

‘;> for i to 10 do

C[i] := plottools[ecircle] ( subs( coords, [=[4],¥[11] ),
m/2, color=blue ):
od:
T := plots[textplot] ( subs( coords, [seq( [x[i]l,y[i],i],
i=1..10 )1 ) ):
SQ := plottoocls[rectangle] ( [-m/2,-m/2], [1+m/2,14m/2] ):
plots[displayl] ( SQ, seq( C[i], i=1..10 ), T,
scaling=constrained, axes=none, title="Packing B" );
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Note that we have shown that x, = 0 must be true, which was not specified in the original N
diagram, but follows from the claim that this arrangement is symmetric. v

[ ©)

[>m = '"m';:

} We input the boundary, symmetry and distance equations for the first arrangment. Boundary

| equations specify which coordinates are touching the outside of the square. In this

| arrangement, symmetry is found with circle 6 over the vertical line midway between circles 2
' and 3, and over the horizontal line midway between circles 3 and 7. Distance equations (with
' distance m) are specified for every pair of touching circles. When the circles are separated by
| aline parallel to one of the axes we give a simplified linear constraint rather than the general
quadratic constraint.

Note: The only way that we were able to get a unique (in fact finite) set of solutions for this
arrangement was to include the constraint that circles 5 and 6 must be touching, which was

- not specified in the original diagram..

. Free circles: In the arrangement, circle 8 is free. We fix it to lie touching circle 9 and the left
edge of the square so as to provide a unique solution for the position of every circle.

"> bdry := [x[1] = 0, y[1] = 0, y[2] = 0, x[3] = 1, v[3] = 0,
. x[4] =0, x[7] =1, x[8] =0, y[9] = 1, y[10] = 1]:
. symm := [y[4] = x[2], x[6] = (x[2]+x[3])/2, y[6] =

(y[31+y[71)/21;



| dist := [x[2] = x[1]+m, y[4] = y[1]+m, d2(2,6) = m*2, d2(3,6)
= wm"2, d2(4,5) = n*2, d2(5,6) = m*2, d2{(5,9) = m 2, d2(6,7y =
m*2, d2(7,10) = m"2, d2(8,9) = m*2, x[10] = x[9]+m];

bery =[x, =0, 3, =0,5% =0, X3=lyy=0,%=0,0,=1,x,=0, )= Lyy=1]

1 1 i ]
é}‘?}”” = .)’,4 —, :\j‘u = 2 ,'\:,2 e 4 2 x_g-,‘/].’{) = 2 '})} & 2 )"7
- : 2 2 2 2 ’ 2

| dist =[xy =,y =y m, (v - x,) + (=) = (5, =X3) +(y—)3) =nr,

3

2 2 5 2 2, 2 _ )
(5 =x) + Qs =0y =m0, (0 = x5) + (= 5) =nr. (0= x5) +(py—ps) =nt’,

2 2 2 2, 2 Lo
(x;=%6) +(¥y=¥s) =m", (x;5—x;) + (Vio=¥7) =m", (% —%) +(¥y—¥,) =m",

X=Xy + 1]

- We construct a polynomial basis from the given equations, along with a list of the appropriate
! variables.

}- > F := [seq( subs( bdry, lhs(e)-rhs (e} ), e=[op(symm) ,op(dist)]
DR ¥

. V :=map( z -> "if’ ( has(F,z), =z, NULL ). [seqg(
op([x[i],y[il1]), i=1..10 )] );

|- ] ! ] 1 : : 2
Fe= }_ Va =X X = Xy = Ve = TV Xy L Yy =, (X —X,) 4y —nt,

2 2 5 2 2 5 2 2 3
(5.—1} +¥g —mLxs + (Vs —y,) —m, (x5 —x5) + (¥ ~ys) —nr,

i

) 2 3 L2 2 ., 2 2
(xg xs) + (1 g.}"j) <im s [] = x(,) Ay (,J‘:;r '"".};(7) L, (.xm =1 % (1 "J"?) —ur,

. |

2 2
g +(l=pg) —m ,-‘v’m_xn—mJ

V= [, Vs X50 Vs X Vs Vo Vigo X9 X ]
We compute an elimination order GB for the polynomials.
['> G := Groebner[gbasis] ( F, lexdeg{( V, [m] ) ):

e ————

map (indets, G) ;

|
l g1 oy b f - - f 1 : PN Y PR [ y b 2 - 41
b Lim s {moee s Syt ¥ WL, Y5: AV Yeds AML X6}, AL Y5}, {m, x5}, {m, 3, 3,

Iy - { - { - g - 1§y - . S L - y . ] -1
' imxy b tm, X0 30 s { i, X 1003’7 X350 Vs 1o UM X0 Vs X5 Vs by U1, X100 Vo Vg }s 4 790, Yot
i
|
;e s 1 } - y y b '
fm, vy x5, Y5 bo {m vy, x, v 3. § m,Yst, {m, x5, ¥5} 1]

_ The first polynomial in the GB is in m alone (as desired). We factor it.

[ > factor(G[1]);
i

Cm(m—1) (1062 m'™ + 7476 m" + 20848 m' + 24256 m'' — 8144 m'® — 52494 4,

~ 38026 m® + 29798 1’ + 46489 1® — 7202 m® — 25099 m" + 3856 1* + 6720 n
—2816 m+ 320)

' Along with the desired result are factors for the solutions m = 0, m = 1. These are invalid



solutions for the Circle Packing problem, so we recompute a GB (this time w.r.t.

|
. lexicographic order with FGLM), this time including the constraint that m # 0, m # 1.

| | > G := Groebner[gbasis]( [op(F),l-z*m*{(m-1)], tdeg{op(V),z,m)

|

) s
GL := FGLM( G, [op(V),z,m], LTgrevlex, [op(V),z,m] )[1]:
map {(indets, GL) ;

= S ; g \ 0 R i . a7 v L f
Vlmb {myz) {mxgy {maxg b {o v}, {m, y; 3. fmye}, {m, Xedy im, ys}s {m, x: },

i {m,y,}. {m,x,}] ////
- > factor(GL[1]); .

1062 m" + 7476 m' + 20848 m'? + 24256 m'" — 8144 m'® — 52494 1 - 38026 1
+ 29798 m’ + 46489 m® — 7202 n° — 25099 m”* + 3856 m° + 6720 nit — 2816 m + 320
This time the GB contains the desired minimal polynomial for m with no extra factors. We

can now compute m, the least positive root of this polynomial, and the corresponding radius of
the circles.
> solve( {GL[1], m > 0}, {m} ):

m = min{ seq( subs(allvalues(e),m), e=% ) );

evalf (m) ;

m = RootOf( 1062 _Z'* + 7476 _7" +20848 7" +24256 7'' - 8144 7"°— 52494 7
- 2816 Z+320,0.4211897032)
0.4211897032
> r = evalf( m/(2*m+2) ); #
r=0.1481820838 /"
This is the correct radius for the third arrangement. Knowing m, we can also use the GB and
our original constraints to calculate the exact coordinates of all 10 centre points of the circles.

. We do this, and plot the arrangement.
?> coords := solve( {op{(GL[2..-1]), op(bdry), op (symm) ,

op(dist)}, {seq({ op([x[i],y[il]), i=1..10 ), =z} ):
evalf (coords) ;

{x;=0.39029481, y, = 0.61203078, x, = 0..x, = 1., 3, = 0., y, = 04211897032,
Xg=0.7105948516, v, = 1., o= L. x, = 0., x, = 0,3, = 0, 3y = 0., x; = 1., x, = 0.4148570,
%, = 0.4211897032, x,, = 0.8360467, y, = 0.9272374277, y, = 0.30601541,

y;=10.57952711, - = -4.101908851 }
> for i to 10 do
C[i] := plottools[circle] ( subs( coords, [x[i],y[il] ),
m/2, color=blue ):
od:
T := plots[textplot] ( subs{ coords, [seq( [x[i],y[i],i],
i=1..10 )1 ) J):



8Q := plottools[rectangle] ( [-m/2,-m/2],

plots([display] ( SQ,

seg( C[i],

i=1..10 ), T,

[1+m/2,1+m/2] ):

| scaling=constrained, axes=none, title="Packing C" );
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We input the boundary, symmetry and distance equations for the first arrangment. Boundary
equations specify which coordinates are touching the outside of the square. In this
arrangement, symmetry is found with circle 6 over the vertical line midway between circles 8
and 9, and over the horizontal line midway between circles 4 8. Symmetry is also found
in the tightly packed parallelogram formation of circles 2, 3,6 & 7, whose sides must be

>m o=

parallel. Distance equations (with distance m) are specified for every pair of touching circles.
When the circles are separated by a line parallel to one of the axes we give a simplified linear
constraint rather than the general quadratic constraint.

> bdry := [x[1] = 0, y[2] = 0, y[3] = 0, x[4] = 0, x[7] = 1,
x[8] =0, y[8] =1, y[9] =1, x[10] = 1};
symm := [x[B] = (x[8]+x[91)/2, yI[5] = (y[4]l+y[8])/2,
x[6]-x[2] = x[7]-x[3], yl6]-y[2] = y[71-y[311;
dist := [d2(1,2) = m"2, y[4] = yv[1]+m, x[3] = x[2]1+m, d2(2,86)
=m"2, d2(3,7) = m*2, d2(4,5) = m"2, d2(5,6) = m*2, d2(5,8) =
m*2, d2(5,8) = m*2, d2(6,7) = m*2, y[10] = y[7]+m, d2(9,10) =



m™2];

|
i
| bary =[x, = 0,3, = 0,3y = 0,%, = 0.0, = 1, xg = 0. yg= Ly = L, vy =1]
[ 1 1 1 |
| symm = ; Xs=_Xg+ '; Xoo Ys=_Vy F ; Vg X =Xy =X = X5 Vo — Vo =V7 715 J
! . : 2 2 2 9

dist = [(x,=x;) +(¥; - )l) =,y = LRI X =X, R, (X=X ) + (Vg —Y,) =

2 2 ~ . | 2 9]
(x,=x3) + (=) =, (x5 —x4) + (Vs —yy) =, (x5 — X5 ) + (s~ ¥s } =m,

| 3 2 2

— = 2] - 2 o | -— ._ bl
(Xs - :“5) i (,_‘J"\; _J’-j} =nr, (,\79 _I_s) G (}"() __1"5) =, ()C? = -Y(}) + (.5"7 "‘}’(,} =nm,

f Pio =Yg+ 11, (X5 — Xy )h +{¥1p— Yo )h =m ]

" We construct a polynomial basis from the given equations, along with a list of the appropriate
| variables.

"> F := [seq( subs{ bdry, lhs{e)-rhs(e) ), e=[op(symm) , op(dist)]
)1

V := map( z -> "if ( has(¥,z), z, NULL ), [seqg(

op([x[i] ,y[il1]1), i=1..10 )] );

) [ 1 1 1 2 7 5
i d '_LLYS ™ N Mg Mg f;’xﬁ Xy =1 X3 Yo =Yp %o+ =V~ Y I,

y -~ ~

2 ) 2 - & :
Xy =Xy~ (X xz) +y_., —m (1 =%) +y; —=m x5 +(Vs—y,) — n,

2 2 5 2 2 5 2 2
(% ~%) # =) =man +{l~y) —m,(x,—-x5) +(1—y5) - m
5 2 2
(1 mxn) + (2= Ve ) ——m'“,yw—yT—wm,Uﬂ-xﬂ) +{Pip—1) —m

L Vo= [V Xg0 X35 4 X350 Vs Xgs Yo Vir Xou V1o ]
f We compute an elimination order GB for the polynomials.
> G := Groebner[gbasis]( F, lexdeg{( V, [m] ) ):
map {(indets,G) ; '
[ 1; ni, { ., Vg . {m, Xy }* {m, Yo V7 i {m, yl(_]))’)u}a {m, Xg ks {maj"g }1 {xgﬂ X5 }s {,3”4: Vs 74

\
| { & § ' ' y T T ]
{1, 3100 Xon X3 Vs bs { M0 X350 Yy Xou Vs 4 {1, Y5 Vs b A7 Yigs Xgs Vs 30 40 Yyge X9 4

_ {1, Yyg0 Xoo Ys 3o £ Yyge Xgs V5 } ]

| The first polynomial in the GB is in m alone (as desired). We factor it.
0> factor(G{l}} *

| (1180129 112" — 11436428 m'7 + 98015844 m" — 462103584 m"* + 1145811528 m™*
i

| ~ 1398966480 m' + 227573920 m'? + 1526909568 m'" — 1038261808 m'®

i — 2960321792 m” + 7803109440 1® — 9722063488 i’ + 7918461504 m’

— 4564076288 m° + 1899131648 ' — 563649536 m’ + 114038784 m” — 14172160 m
+819200)



T@
i
'1
|

" Along with the desired result is a factor for the solution m = 0. This is an invalid solution for
the Circle Packing problem, so we recompute the GB, this time including the constraint that
m# 0.
> @ := Groebner[gbasis]( [op (F) ,1-z*m], lexdeg ( [op (V) 2], [m]
) ):
map(indets,G);

bk Ean iy y P o . 4 g w1 Par o G Ronr: o
[{m}, {m z}, {m, Yy} {m. xg}, {mp; ) {m.ye}, {m, x5, (m.ys), {m. x5 5. {1, ¥}

(m,xgds {max b Ao}
> faqpéi(etll);

i 1_5?(:39 ® 11436428 n'7 + 98015844 m'® — 462103584 m"” + 1145811528 m'
L 1398966480 m'® + 227573920 m' + 1526909568 m'' - 1038261808 m'°
2060321792 1’ + 7803109440 m* — 9722063488 m’ + 7918461504 m°
_ 4564076288 n’ + 1899131648 in” — 563649536 i + 114038784 m” — 14172160 m

L +819200
" This time the GB contains the desired minimal polynomial for with no extra factors. We

E———e

iy e

can now compute m, the least positive root of this polynomial, and the corresponding radius of
the circles. We crank up the precision so as to avoid roundoff error when working
numerically with polynomials of such high degree.

S—

! > Digits := 30:
| solve( {G[1], m > O} , {m} ):
| m := min{ seq( subs(allvalu@s(e),m), e=% ) )

evalf (m) ;

|

| n1 = RootOf( 1180129 7' 11436428 _Z'7 + 98015844 7' _ 462103584 7"
|

|

£ 1145811528 7' — 1398966480 7" +227573920 7" 41526909568 2"
1038261808 79— 2960321792 _Z" + 7803109440 7%-9722063488 7

; + 114038784 77—~ 14172160 _Z + 819200, 0.421279543983903432768821760650)
1 0.421279543983903432768821760650
: > r = evalf( m/(2*m+2) )}/
= 0.148204322565228798668007362743

This is the correct radius for the fourth arrangement. Knowing m, we can also use the GB and
our original constraints to calculate the exact coordinates of all 10 centre points of the circles.
I We do this, and plot the arrangement.
i_ > coords := solve( {op(GI2. .~11), op(kdry), op {symm) ,

op(dist) }, {seq/( op([x[i],y{i}}), i=1..10 ), =z} }):

t evalf (coords) ;

(3= 0.,y = 0.716378645305845674367048. x, = 0.,y = L.x,=0.,
), = 0.01147774662778791596470, = = 2373720761 6190563381056184260, y; = 0..



1l x5=0.311505026188564622123429, x = 0., x; = L. o = 081197065768 718226140079
- ¥, = 0.43275729061169134873350, yg = 1., x;, = L.y, = 0.39069111370327882863199.
E | x, = 0.4211231595526823197231, y, = 0.39069111370327882863199.
1L x,=0.62301005237712924424616, x, = 0.8424027035365857524911,

] xb:(15787204560]6096567231178239350}
[> for i to 10 do
: cli] = plottoolslcircle] ( subs( coords, [x[il,y[ill ),

i m/2, color=blue ):

od:

} | B o= plots[textplot]( subs ( coords, [seqg( [x[i],y[i],1],

| i=1..10 )1 ) ):

8Q := plottools[rectangle] ( [-m/2,-m/2]1, [14m/2,14m/2] ):

plots[display]l ( SQ, seq( C[i], i=1..10 ), T,

scaling=constrained, axes=none, title="Packing D" );
Packing D
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