;The parallelogram theorem from CLO section 6.4
> interface(imginaryunit=_i):
wi t h( Pol ynom al | deal s):

[> h1 ;= x2- u3;
h2 := (x1-ul)*u3-u2*u3;
h3 : = x1*x4-x2*x3;
h4 : = u3*(ul-x3)-x4*(ul-u2);
hl:=x2—-us3
h2:= (x1 —ul)u3—u2u3
h3:=x1 x4 — x2 x3
h4:=u3 (ul —x3) — x4 (ul —u?2)
[ > gl := x3"2+x4"2 - ((x1-x3)"2+(x2-x4)"2);
g2 = (ul-x3)"2+x47"2 - ((x3-u2)"2+(x4-uld)"2);

gl:=x3 4+ x4°> — (xI1 —x3)%> — (x2 — x4)?
g2:= (ul —x3)°+x4> — (x3—u2)®> — (x4 —u3)?

> | := <hl, h2, h3, h4>;
I'=(x2—u3,u3 (ul —x3) — x4 (ul —u?2), (xI —ul) u3—u2u3,xl x4 — x2x3)

|;N0te, by default, all uknowns are treated as variables, so ISQ[x1, x2, X3, x4, ul, u2, uj).

> | deal Info[ Vari abl es] (I);
{ul,u2,u3, x1,x2,x3,x4}

[ > | deal | nf o[ Par anet ers] (I);

{}
;The test if g1 and g2 are in | is false
> | deal Menbership(gl,l);
| deal Menber shi p(g2,1);
false
false

| The test if they are in \/7 also fails
> R := <hl, h2, h3, h4, 1-gl*y>;
R:={(x2—u3,u3 (ul —x3) — x4 (ul —u2), (xI1 —ul) u3—u2u3, - (x3* +x4> — (x1 — x3)°> — (x2

—x4)%) y+1,x1 x4 — x2 x3)

[> | deal Menber shi p(l, R ;
false

;The problem is that ul and u3 can be 0.
> G := Goebner[Basis](l,tdeg(x1,x2,x3,x4,ul,u2,ul));
G:=[x2—-u3 -ulu3—u2u3+u3xl,-ul u3+ul x4 —u2x4 +u3x3, ~-u3x3+ x1 x4, ul u3

+2ul2u3dx4d—2 u32x3, ~ul’u3—ulu2u3+?2ul u3x3|

_>factor(G);



[x2—u3,-u3 (-xI+ul +u2),-ulu3+ul x4 —u2x4+u3x3,-u3x3+xI x4,u3 (ul u3+2 u2x4
—2u3x3),-ulu3(ul +u2-2x3)]

;Let's specify thatul #0 and u3+0.

> J .= <hl, h2, h3, h4, 1-ul*u3*t >;
J:=(x2—u3,u3 (ul —x3) —x4 (ul —u2), (xI —ul) u3—u2u3, -tul u3+1,xI x4 — x2 x3)

(> | deal | nfo[ Variabl es] (J):
{tul,u2 u3,xI1,x2,x3, x4}

;Okay, so we want to eliminate t We compute I N Q[x1, x2, x3, x4, ul, u2, u3).

> J .= Elimnationldeal (J,{x1, x2, x3, x4, ul, u2,u3});
Ji=(x2—u3,2x3—x1,2x4—u3, -x1+ul + u2

> | sRadi cal (J):
true

> Pri nmeDeconposi tion(J);
(x2—u3,2x3—x1,2x4—u3, -x1 +ul +u?
;Well, the ideal is now radical and prime (and linear) so it should be easy

> | deal Menber shi p(gl, J);
| deal Menber shi p(g2, J);
true

true

;If we do the testin ©(ul, u2, u3)[xl, x2, x3, x4] we don't need to say u# 0 and u3+0.

> K : = <hl, h2, h3, h4, (vari abl es={x1, x2, x3, x4}) >;
K:=(x2—u3,u3(ul —x3) —x4 (ul —u2), (xI —ul) u3—u2u3,x1 x4 — x2 x3)

> | deal | nf o[ Vari abl es] (K);
{x1, x2,x3, x4}

> | deal | nf o[ Par anet er s] (K);

{ul,u2, u3}
B | sRadi cal (K);
true
> | deal Menber shi p(gl, K) :
| deal Menber shi p(g2, K);
true
true

| The test for gl € JK isifl € JI+(1—gl)
> R : = <hl, h2, h3, h4, 1-gl*y, (vari abl es={x1, x2, x3, x4, y}) >;
R:={(x2—u3u3 (ul —x3) — x4 (ul —u2), (xI —ul) u3—u2u3, -(x3* +x4°> — (xI1 — x3)°> — (x2

—x4)%) y+1,x1 x4 — x2 x3)
> | deal Menber shi p(1, R);

true



LWeII, ifl \/?then how come R # (1) . Because "forming" and ideal with < .... > does
not automatically cause a Groebner basis computation. But this does
> Simplify(R);

(1)



