f = (x-2/3)* (x*2+1) * (x*2+x+1) ;
J= (x—%) (@ +1) (P +x+1)
roots (f) ;

Roots (f) mod 5;
[[2,1][3,1],[4,1]]
2/3 mod 5;
4
Roots (f) mod 7;
[[2,1][3,1],[4,1]]
2/3 mod 7;
3
Roots (x*2+x+1) mod 7;
[[2,1],[4,1]]
Roots (f) mod 11;
[[8,1]]
Roots (f) mod 13;
[[3,1][5,2],[9, 1], [8 1]]
2/3 mod 13;
5
£;

(x—%) (x2+1) (x2+x+1)
alias( i = RootOf (z*2+1) );
i

roots(f,i); # over Q(i)
3,1], [-i,1], [i,l]]

|5

alias (omega=RootOf (z*2+z+1)) ;
i, ®

roots (f,omega) ; # over Q(omega)
[[-1 —o,1], [%1] (o, 1]]
factor (£, omega) ;
(x%—l%—w)(3x-—2)(x2%-1)(—x4-w)

3
roots(f,{i,omega}); # over Q(i,omega)

1=l | 5| i o]
gamma = i + omega;
Y=i+®
m := evala(Minpoly (i+omega,z)) ;
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i mi= 422 +52+4z+1 (19)
[> alias (gamma=RootOf (m,z)) ;

i, ®,Y (20)
=> roots (f,gamma) ; # over Q(gamma)

H%gqj—2f—3f—ﬁy—4JL[Tf+3f+8y+&1lL2f—3f—%y—4JL @1

[2y3+3yz+9y+4,1]}

> F := [ x*2+1, y*2+y+1, z-x-y ];
i F = [x2+1,y2+y+1,z—x—y] (22)
> map (Groebner [LeadingMonomial] ,F,plex(z,y,x))
i [+, 7. ] (23)
[ So F is alread a Groebner basis in lex order with z>x,y. We want to eliminate X,y to get the minimal
| polynomial
> G := Groebner[Basis] ( F, plex(y,x,z) )
| G= [t 22 5P 441, 22 -3 4k —92-4,22 +3 2 4y +82+4] 24)
;I intersect Q[z]
> G[1];
i A2 452 +42+1 (25)
> f;
i 2 Hx+1 (26)
> Roots (f) mod 5;
_ [ ] Q27
[> Roots (£) mod 11;
i [] (28)
[> Roots (£,i) mod 11; # 211[z]/z"2+1
i [[3i+5,1],[8i+5,1]] (29)
> Roots (f,omega) mod 11;

[[100+10,1], [o, 1]] (30)
=> £;
i X Ax+l 31)
[> £ := x*2+x+1;
i f=x +x+1 32)
[> Factor (£f) mod 2;
i CAx+l (33)
[> Eval (f,x=1) mod 2;
i 1 (34)
[> Eval (f,x=0) mod 2;
i 1 (35)
[> alias (omega=RootOf (f,x)) ;

i, ®, 7, o 36)

> # R = 22[z]/(z*2+z+1) = {1,z,z+1,0} is a finite field with 4




elements

=> R := [0,1,omega,omega+l];
R:=1[0,1,m,0+1]

> Y := [seq( Eval(f,x=R[k]) mod 2, k=1..4 )];
i Y==11,1,0,0]
> £;
| x24-x+—1
> Interp( R, ¥, x ) mod 2;

xz%—x4—1

> m := Randprime (10,z) mod 2;
i n1=:Zm-+£3+224-z+1
[> alias (alpha=RootOf (m,z)) ;

Lo,Y,o
> X := [seq( alpha’k, k=2..6 )];
)Y:==[03,03,0ﬁ,03,0f]
=> Y := [seq( Eval(f,x=X[k]) mod 2, k=1..5 )],

|+
> Interp( X, ¥, x ) mod 2;

xz%—x4—1

4 2 6 3 8 4 6 5 2 8 6 4 3 2
Y:[a4ﬂx+La-+a+JJx+a-+La—Hx+a-+ma—Hx+a—Hx+a
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