[> restart;

Groebner bases.

| Michael Monagan

[ > with(Groebner):

Compute a Groebner basis for the ideal generated by f|, f, below.

[> £ := [x*2+y"2-1,x*y-1];

2, 2
i =+ —lLxy—1] (1)
(> G1 := f£;
Gl =[x+ —1,xy—1] 2)
[> s := SPolynomial (£[1],£[2],plex(x,Y));
3
s=y +x—y (3)
[> r := NormalForm(s,Gl,plex(x,y));
w=y3+x—y 4)
(> £ := [op(f),r];
2, 2 3
i f=I+y —Lay—1y +x—y] ®)
> G2 := f;
G2:[f41}—lﬁy—ldﬁ+x—y] (6)

> for i to nops (f) do
for j from i+l to nops(f) do
r := NormalForm( SPolynomial (f[i],f[]j],plex(x,y)), G2, plex

(le) ); . " "o .
printf("s(£f[%d],£f[%d]) mod G2 = %a\n",i,j,r);

od;

od;
S(f[1]1,f[2]) mod G2 = 0
S(f[1],£f[3]) mod G2 = 0
S(f[2]1,£f[3]) mod G2 = -y 4+y~2-1
> f4 := —y“4+yt2-1;
i =yt = 9
(> £ := [op(f),£4];

G3 := £f;

f=[f%j;—hxy—lyy+x—%—f%j;—l]
G3= [P +y —Lxy— 1Ly +x—y -y +y" —1] ®

> for i to nops (f) do
for j from i+l to nops(f) do
r := NormalForm( SPolynomial (f[i],f[]j],plex(x,y)), G3, plex

(x,v) )i | .
printf("Ss(£f[%d],£f[%d]) mod G3 = %a\n",i,j,r);

od;

od;
S(f[11,£f[2]) mod G3 = 0
S(f[1],£f[3]) mod G3 = 0
S(f[1],£f[4]) mod G3 = 0
S(f[2],£[3]) mod G3 = 0
S(f[2],£f[4]) mod G3 = 0
S(f[3],f[4]) mod G3 = 0
> G3;

[\



[+ = Lxy— 1y  +x—p - +)° 1] ®

;To make G3 areduced Groebner basis
> for i to nops(G3) do G3[i] := NormalForm(G3[i],subsop(i=NULL,G3),
g%eX(x,y)); od:

14

[O,O,y3+x—y, —y4+y2—1] (10)
> @3 := [-G3[4],G3[3]];
G3 = [y4—y2+1,y3—|—x—y] a1
> Groebner[Basis] ( [f[1],f[2]], plex(x,Y) );
=y + 1) +x =] (12)

;Example of solving a polynomial system
> f := [x"2+y"2-2,x*y-1];

fi= [+ —2,xy—1] 13)
[> G := Groebner[Basis]( f, plex(x,y) );
G=['-2y+1) +x—2y] (14)

A Groenber basis for <fl,f2>ﬂ®[y] is {Gl =y — 27 + 1}-
[> g := G[1];

RIS as)
> solve(g=0,y);
1,1, -1, —1 (16)

> eval(G,y=1);

[0,x— 1] a7
[> solve(eval(G,y=1));

(x=1) (18)
> eval(G,y=-1);

[0,x+ 1] (19)
[> solve(eval(G,y=-1),%x);

(x=—1} (20)

;Thus the solutions are {x=1,y=1}, {x=-1,y=-1}.
> solve(f);
{x=1,y=1}, {x=—1,y=—1} (21)




