
Algorithm Efactor:
1 Factor the leading coefficient of the input polynomial f recursively.

2 Find a random evaluation point β for every parameter and variable except the main variable x1.

3 Factor f (β) (univariate) using Trager’s algorithm.

4 Find the true leading coefficient of each univariate factor.

5 Use Hensel Lifting modulo a machine prime p.

6 Use sparse p-adic lifting to lift the integer coefficients.

Benchmarks
# n r k d #f Trager Efactor GCD
1 2 2 1 17 6408 5500 259.91 47.47
2 2 2 1 22 12008 37800 296.74 56.90
3 2 2 2 10 34 120 0.22 0.16
4 2 2 2 12 34 571 0.31 0.19
5 3 2 2 10 69 5953 0.27 0.29
6 6 5 0 4 46 > 50000 88.43 1.93
7 5 2 1 10 17052 > 50000 58.41 57.75
8 1 1 2 102 928 16427 72.10 7.71

Table 1: Timings (in CPU seconds)

Applications
Polynomial factorization has many applications. It is especially used for solving systems of poly-
nomial equations. Another application of factorization is in coding theory for developing error-
correcting codes. Here is an example from robotics:

This picture is taken from [1]. Here l1, l2, l3 and l4 are variables, c1 = cos(θ1), c2 = cos(θ2) and

c3 = cos(θ3) are parameters and s1 =
√

1− c21, s2 =
√

1− c22 and s3 =
√

1− c23 are the field
extensions. The algebraic function field is L = Q(c1, c2, c3)(s1, s2, s3).
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Observation: If we evaluate f at (c1 = 1, c2 = 2, c3 = 3, c4 = 4, c5 = 5) the resulting polynomial
can be proven irreducible using Trager’s algorithm. In general we have:

Theorem 1. Let f ∈ L[x1, . . . , xv] and β ∈ Zk+v−1 be an evaluation point for all the parameters
and variables except x1. If lcx1(f )(β) 6= 0 then

f (x1, β) ∈ L(β)[x1] is irreducible⇒ f is irreducible.

Efactor: Our New Algorithm
Our idea is to use polynomial evaluation and interpolation using Hensel lifting. To factor a uni-
variate polynomial we will use Trager’s algorithm. Things to be done:

• In order to use Hensel lifting we need to determine the true leading coefficient of each factor fi.

•How to avoid the fractions in Q and fractions in the parameters t1, . . . , tk when doing Hensel
lifting? Because doing arithmetic with fractions is expensive.

To find the leading coefficient of each factor we will use a trick similar to Wang’s idea [3] to
factoring polynomials over Q.

Example 2. Let α =
√
t and

f =
(
−ty2α + 2 y3 + 3 t2 − tα− 6 yα + 2 y

)
x3 + (4 y − 2 tα)x2 +

(
y2 − 3α + 1

)
x + 2.

For evaluation point β = (t = 5, y = 7) using Trager’s algorithm we get:

f (β) = (775− 292α)

(
x2 +

14

71
+

5

71
α

)(
x +

20

491
+

6

2455
α

)
The denominators are d1 = 71 and d2 = 491. We factor lcx(f ) recursively:

lcx(f ) = l1 × l2 = (y2 − 3α + 1) (2y − tα)

We compute
1

l1(β)
=

10

491
+

3

2455
α and

1

l2(β)
=

14

71
+

5

71
α.

We can see that l1 must be the leading coefficient of f2 and l2 must be the leading coefficient of f1.

To avoid fractions in Q, we will do Hensel lifting modulo a machine prime. To lift the integer
coefficients of each factor, we use a new algorithm called Sparse p-adic Lifting:

Update f1 := f1 + σ1p and f2 := f2 + σ2p⇒ f ≡ f1 × f2 mod p

Solve the linear system obtained from e
p ≡ f1σ2 + f2σ1 with unknown coefficients for σ1 and σ2

σ1 and σ2 have the same terms as f1 and f2 respectively w.h.p.

Find σ1, σ2: f ≡ (f1 + σ1p)× (f2 + σ2p) mod p⇒ e
p ≡ f1σ2 + f2σ1

f ≡ f1 × f2 mod p and e = f − f1 × f2

The Problem
The problem of factoring multivariate polynomials over a field is one of the most challenging
problems in computer algebra. We are specially interested in factorization over algebraic number
and function fields.

An algebraic number is a root of a univariate polynomial with integer coefficients.

E.g. α =
√

2 is an algebraic number which is a root of mα(z) = z2 − 2.

An algebraic function is a root of a univariate polynomial in Z(t1, t2, . . . , tk)[z].

E.g. α =
√
t1 +
√

2 is an algebraic function which is a root of mα(z) = z4 − (2t1)z
2 + t21 − 2.

If mα(z) is monic and irreducible, it is called the minimal polynomial for α.

Given algebraic functions α1, . . . , αr in parameters t1, . . . , tk we want to compute over the alge-
braic function field L = Q(t1, . . . , tk)(α1, . . . , αr). In this poster we want to factor a polynomial
f ∈ L[x1, . . . , xv] into irreducible factors to obtain f = l×f1×f2×· · ·×fn where l = lcx1,...,xv(f )
is the leading coefficient of f and each fi is a monic irreducible polynomial.

Example 1. For α =
√

1− t2, the algebraic function field is L = Q(t)(
√

1− t2). Factoring
f = x5 − αx2y + x2 + 3αx4y − 3xy2 + 3 xy2t2 + 3αxy − x3 + α y − 1 over L results in

f = (x2 + 3αxy − 1)× (x3 − αy + 1).

Trager’s Algorithm
One way to factor f ∈ L[x1, . . . , xv] is to use Trager’s algorithm:

Motivation
The following problem was given to us by Jürgen Gerhard [2]:

f =
19

2
c24 −

√
11
√

5
√

2c5c4 − 2
√

5c1c2 − 6
√

2c3c4 +
3

2
c20 +

23

2
c25+

7

2
c21 −

√
7
√

3
√

2c3c2 +
11

2
c22 −

√
3
√

2c0c1 +
15

2
c23 −

10681741

1985
.

Here L = Q(
√

2,
√

3,
√

5,
√

7,
√

11) is a number field and f ∈ L[c0, . . . , c5]. The norm of f
is degree 64 in c0, c1, c2, c3, c4, c5 and has about 3 million terms and the integers in the rational
coefficients have over 200 digits so it is not easy to compute norm(f ) let alone factor it!!

Factor h = h1 × h2 × · · · × hn

fi = gcd(f, hi) ∈ L[x1, . . . , xv]h = norm(f ) ∈ Q(t1, . . . , tk)[x1, . . . , xv]

f ∼ f1 × f2 × · · · × fnf ∈ L[x1, . . . , xv]

Mathematical Operations
Common manipulations (simplify,
factor, expand,…) Right-click expression and select from menu

Solve equations Right-click equation Solve

Solve numerically (floating-point) Right-click equation Numerically Solve 

Solve ODE Right-click DE expression Solve DE Interactively

Integrate, differentiate Right-click expression Integrate or Differentiate

Evaluate expression at a point Right-click expression Evaluate at a Point

Create a matrix or vector Matrix palette Choose Insert

Invert, transpose, solve matrix
Right-click matrix Standard Operations select
Inverse, Transpose, ...

Evaluate as floating-point Right-click expression Approximate

Various operations and tasks Use Task Templates: Tools Tasks Browse

Expressions vs. Functions
Operations Expression x2+y2 Function (operator) g(x,y) = x2+y2

Definition !"#$"%&'"(")&'* +"#$",%-)."/0""%&'()&'*

Evaluate at x=1, y=2 1234,!-"5%$6-)$'7.*"produces 5 +,6-'.*"produces 5

3-D plot for x from 0 to 1, y from 0 to 1 849:;<,!-%$=>>6-)$=>>6.* 849:;<,+,%-).-%$=>>6-)$=>>6.*

Conversion to other form
!'"#$"?@3884),!-%-).*

!',6-'.*

produces 5

+'"#$"+,%-6.*""

+'"("A*

produces x2+1+z

Units and Tolerances

Add units to value or expression
Place cursor to right of quantity. Use Units (SI) or 
Units (FPS) palette or right-click Units Affix unit.

Add arbitrary unit from Units (SI) or Units (FPS) palette and
enter desired unit

Simplify units in an expression Right-click expression Units Simplify

Convert units Right-click expression Units Convert

Enable automatic units simplification BC:D,E@C:F5G:3@<3H<7.*

Enable tolerance calculations BC:D,I941H3@J1F.*

Tolerance quantity in 2-D Math !"#$ %&% for 9 ± 1.1

Tolerance quantity in 1-D Math K"L(/"6>6* for 9 ± 1.1

Input and Output
Interactive data import assistant Tools Assistants Import Data

Import audio or image file Tools Assistants Import Data

Code generation (C, FORTRAN,
Java, Visual Basic®, MATLAB®)

Right-click expression Language Conversions. 
See ?CodeGeneration for help and details.

Publish document in HTML, PDF,
LaTeX, or Microsoft® Word-RTF

File Export As select HTML, PDF, LaTeX, 
or Rich Text Format

Select Interactive Tools and Utilities
Quick introductory tour Help Take a Tour of Maple

Show available task templates Tools Tasks Browse

Plot Builder
Right-click expression Plots Plot Builder, 
or Tools Assistants Plot Builder

ODE Analyzer Tools Assistants ODE Analyzer

Data Analysis Assistant Tools Assistants Data Analysis

Unit Conversion utility Tools Assistants Units Calculator

Back-Solving Assistant Tools Assistants BackSolver

Apply numeric formatting Right-click expression Numeric Formatting

Maple Portal Help      Manuals, Resources and more 
Maple Portal

Manuals Help Manuals, Resources, and more Manuals

Graphing Calculator Interface Installs as separate program. Launch from Start
Maple Maple Calculator

Interactive education tutors for 
topics in Calculus, Precalculus, 
and Linear Algebra

Tools Tutors
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Important Maple Syntax
#$ Assignment 3#$'*"M#$;(%*"J#$3(M* produces 5 + x for J

$ Mathematical equation F9421,'N%"("3"$"6-%.* produces x =
1-a
—
2

$ Boolean equality C!"3"$"="":D1@"O

Suppress display of output Terminate command with a colon, e.g. 6===P"#

[ ]  List (ordered) A#$5J-"M-"37*"A567* produces c

{ } Set (unordered, no duplicates) Q3-"M-"3-"JR* produces {a,b,c }

Display help on topic S:98CJ
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Plotting and Animation
Plot an existing expression - click expression Plots Plot Builder

Plot new expression Tools Assistants Plot Builder

Add new expression to existing plot Highlight and drag expression into plot

Add annotations to plots Click on plot, then on the toolbar

Animation and parameter plots for 
functions of several variables

Right-click expression Plots Plot Builder
and select a plot type
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